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Abstract

We propose a semiparametric approach to disentangling the autocovariance of equity returns
at high frequency. We assume the observed price consists of an efficient component that
follows a nonparametric continuous-time It6-semimartingale, along with a market microstructure
component that follows a discrete-time moving-average model. Our quasi-likelihood procedure
relies on a misspecified moving-average model selected by information criteria. We establish the
model-selection consistency, provide a central limit theory on autocovariance parameters, and
show their consistency uniformly over a large class of models that allow for an arbitrary noise
magnitude and a flexible dependence structure. We also provide a quadratic representation
of the likelihood estimator, which sheds light on its connection with nonparametric kernel
estimators. Our simulation evidence suggests that our estimator outperforms the nonparametric
alternatives particularly when noise magnitude is small. We apply this estimator to S&P 1500
index constituents, and find that in recent years the microstructure friction has become smaller
but existed in 5-minute returns, particularly in small caps, and that the average duration of

autocorrelations for large caps has shrunk considerably to merely 10 seconds.
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1 Introduction

Autocorrelations in stock returns are ubiquitous. The earlier literature regards such autocorrela-
tions as evidence against market efficiency. Nonetheless, as market efficiency has improved over past
decades, autocorrelations have remained a salient feature of intraday stock returns sampled at suffi-
ciently high frequencies. The modern view of such autocorrelations is that they arise from market
microstructure frictions, such as bid-ask bounces, nonsynchronous trading, price discreteness, etc,
which coalesce into efficient equilibrium prices and lead to the convoluted dynamics of returns.

To disentangle the observed autocorrelations in intraday returns, we model the transaction price
as a discretized continuous-time semimartingale process plus a discrete-time moving-average process.
The former represents the efficient price process that features return heteroscedasticity in the form
of stochastic volatility and jumps, but does not contribute to any autocovariance; the latter serves as
a reduced-form description of the microstructure friction that is the main driver behind the observed
autocovariances.

To conduct inference on various model components and parameters, we construct a tractable
quasi-maximum likelihood estimator (QMLE), pretending that the transaction price arrives regularly
and comprises a Brownian motion with constant volatility and an MA(q) noise. We select ¢ based on
the Akaike/Bayesian information criteria (AIC/BIC). While our estimator shares the same likelihood
with that from an MA(q+ 1) model, our asymptotic design is in-fill, i.e., the number of observations
increases within a fixed window—say, a trading day—which renders our analysis rather different from
the usual long-span asymptotics in the classic time-series setting.

In a related paper, Da and Xiu (2021) show how to conduct uniformly valid inference on volatility
over a large class of MA(oo) models that allow for an asymptotically vanishing noise with a flexible
dependence structure. In this paper, our main objective is to develop asymptotic properties of the
estimator for noise parameters. When the noise data-generating process (DGP) follows a finite-order
moving-average model, we show that our quasi-likelihood estimator, combined with BIC, recovers
the true model asymptotically, is consistent with respect to the noise parameters, and achieves a

/2 Moreover, we develop uniform consistency

pointwise central limit theory at the usual rate of n
results when noise follows an MA(co) process. As alternatives to our semiparametric approach,
Jacod, Li, and Zheng (2017) and Li and Linton (2021) provide nonparametric estimators of the
serial correlations of the microstructure noise based on local averaging and differencing strategies,
respectively. They focus on the case in which noise is large, whereas we also allow for vanishing
noise. More importantly, our likelihood-based approach provides a benchmark on the efficiency of
noise parameters.

We apply our estimator to analyze all intraday returns of S&P 1,500 index constituents from
1996 to 2016. Several interesting findings emerge. The microstructure noise is present in 5-minute
returns, at least for small and mid caps, though it is an order of magnitude smaller in recent years

than at the beginning of the sample, thanks to the improvement in market efficiency. For a sizable



portion of stock-day pairs, it appears that the noise is either absent or approximately follows an i.i.d.
assumption. For the remaining stocks with autocorrelated noise, the duration of autocorrelations
has been on the decline, from several minutes in 1996 to merely 10 seconds on average for large caps
and 100 seconds for small caps in 2016.

Empirical evidence of autocorrelations in the returns of transaction prices goes back to as early as
Niederhoffer and Osborne (1966), Simmons (1971), and Garbade and Lieber (1977). Among others,
Hasbrouck and Ho (1987) document positive autocorrelations in intraday stock returns, in returns of
quote midpoints, and in the arrival of buy and sell orders. They thus propose a model of the return-
generating process, which is observationally equivalent to an ARMA(2,2) model. While classical
time-series models such as ARMA are convenient for dependent data, they are not appropriate for
intraday returns because of the heteroscedasticity in returns.

Why do higher-order autocorrelations of returns exist? There are many economic hypotheses,
such as strategic order splitting (Garbade and Lieber (1977)); optimal control of execution cost
(Bertsimas and Lo (1998)); price impact and inventory control (Kyle (1985), Amihud and Mendelson
(1980)); the crowd effect or herding (Té6th, Palit, Lillo, and Farmer (2015)); and high-frequency
trading Brogaard, Hendershott, and Riordan (2014). Our objective here is modest. We aim to
estimate parameters in a general class of reduced-form models, since many structural economic
models yield specific reduced-form models—see, for example, Hasbrouck (2007)-with differences only
in how the reduced-form parameters relate to structural parameters.

There is an enormous literature on the estimation of quadratic variation or its components using
noisy high-frequency data; e.g., the two-scale or multi-scale estimators by Zhang, Mykland, and
Ait-Sahalia (2005) and Zhang (2006); the realized kernel estimator and its extensions by Barndorfi-
Nielsen, Hansen, Lunde, and Shephard (2008) and Barndorff-Nielsen, Hansen, Lunde, and Shephard
(2011); the pre-averaging estimator by Jacod, Li, Mykland, Podolskij, and Vetter (2009) and Jacod,
Podolskij, and Vetter (2010); the quasi-maximum likelihood estimator (QMLE) by Xiu (2010); and
the local method of moments estimator by Reifl (2011). An “essentially” white noise assumption is
most common in this strand of the literature, with the exception of Jacod, Li, and Zheng (2019),
Varneskov (2016), and Da and Xiu (2021), who tackle general colored-noise processes for the purpose
of volatility estimation. Related work also include Ait-Sahalia, Mykland, and Zhang (2005), Ait-
Sahalia, Mykland, and Zhang (2011), Kalnina and Linton (2008), and Bibinger, Hautsch, Malec, and
Reif3 (2019). Unlike the above papers, which treat noise as nuisance parameters in the estimation of
quadratic variation, our target here is mainly the temporal dependence of intraday returns beyond
the first-order autocorrelations. Chang, Delaigle, Hall, and Tang (2018) also focus on analyzing
the statistical properties of the noise process and propose an estimator of noise density and noise
moments in an i.i.d. noise setting.

The paper is organized as follows. Section 2 sets up the model. Section 3 introduces the esti-
mator and provides the main asymptotic results. Section 4 reports Monte Carlo simulations. We

analyze volatilities and noise for S&P Composite 1,500 index constituents in Section 5, and Section



6 concludes. The online supplemental appendix contains all mathematical proofs.
2 Model Assumptions

We assume that transaction prices X are observed at t;, for i = 1,2,...,np, within a fixed window
[0,T]. They comprise two components: )Z'ti = Xi, + U;, where X;, is (the logarithm of) the efficient
equilibrium price and Uj; is the microstructure noise associated with the ith observation. Furthermore,

the efficient price satisfies:

Assumption 1. The logarithm of the efficient price process Xy is an Ito-semimartingale defined on
some filtered probability space (2, F, (F),P) and satisfies

t t
X =Xo+ /0 psds + /0 osdWs + (51{|5|S1}) * (H — g)t + (511{‘5|>1}) * [y (2.1)

where iy and oy are adapted and locally bounded, W is a standard Brownian motion, and p is
a Poisson random measure on Ry x E, where E is a Polish space. The compensator v satisfies
v(dt,du) = dt @ \(du) for some o-finite measure X\ on E. Moreover, |§(w,t,u)] A1 < Ty, (u) for all
(w, t,u) with t < 7, (w), where {1y} is a localizing sequence of stopping times and {T'y,} a sequence
of deterministic functions satisfying [ T2 (u)\(du) < oo.

In addition, the process Z; = (ju,0?) is also an Ité semimartingale on the space (Q, F,(F;),P)
with the form

t t N
ztzzo+/0 ﬁsds+/0 FsdWs+ (051 * (= )+ OLyga ) * 4y, (2.2)

where i, and o are locally bounded adapted processes, W is a multivariate Brownian motion, poten-
tially correlated with W, and 5 is a predictable function such that for some deterministic function
T (), 10(w, t,w)|| A1 < Top(u) for allw € Q, t < 7 (w), and [ T2 (u)A(du) < co.

While the efficient prices are defined in continuous time, we only observe their noisy versions at

discrete time points. We now describe the assumption of the arrival times of transactions:

Assumption 2. The sequence of observation times {t; : i > 0} satisfies to = 0 and t; =
ti—1 + %ftilei; where the sequence {x; : i > 1} is i.i.d., (0,00)-valued, defined on (2, F,P), and
independent of the o-field Foo = \/,5o Ft, with mj = E((xi)?) < o0 and my = 1, for all j > 0. In
addition, the process & = (&t)e>0 is a nonnegative Ité-semimartingale defined on (0, F, (F:),P) in the

form of (2.2), such that neither & nor &_ vanishes.

The intervals between adjacent transactions are determined by a continuous-time process, &,
and a discrete-time process, y;, jointly. This assumption allows for dependence between trading
times and the underlying driving forces of efficient prices, and thereby accommodates a large class

of sampling schemes; see Jacod, Li, and Zheng (2017) for detailed discussions.



Next, we impose a discrete-time moving-average process for the microstructure noise to capture

the potential temporal dependence in the transaction prices:'

Assumption 3. The noise sequence {U; : i > 0} consists of random variables defined on the proba-
bility space (2, F,P) such that {U; : i > 0} has an MA(co) representation with mean 0:

Ui:ntia(”)é?(")(B)ai, with O™ = Z J( , (2.3)

where B is the lag operator; &; g (0,1), defined on (Q, F,P), is independent of Foo and {x; : 1 > 1},
and has finite moments of all orders; (n:)i>0 is an (Ft)-adapted nonnegative Ito-semimartingale that
satisfies the same form of (2.2); and ") is a deterministic nonnegative number that characterizes

the noise magnitude and satisfies (") < K.

The noise again depends on a continuous-time process 7; and a discrete-time moving-average
process U. The former introduces dependence between noise and the underlying efficient price,
whereas the latter dictates the temporal dependence of the noise. Combining the two allows for
heteroscedastic, temporally dependent, and endogenous noise.

The parameters of interest in our study are autocovariances {'yj(-n) : j > 0} and autocorrelations

{pg.n) : j > 1} of the noise process, defined as

)= ()2 s — Jo neds x kM, >0,

(n) (n) ; (n) :
V= 1 i and  p; = K, [Ro s I 21 (24)
fo € ds
where /<;§-n) is given by
(n) _ i " A 9PN g\ i >0 2.5
K/j = o g( ) )6 , J=2Y ( ' )

and g(\;0) = 00" (e11)|2 is the spectral density of #)(B)e. While the autocovariances depend on
the underlying processes 7y and &; that drive the sampling times and noise magnitudes, respectively,
the autocorrelations are entirely determined by the set of parameters {Oj(.n) :7=1,2,...,00} in the
MA process.

Finally, we need some regularity assumption on the behavior of the spectral density of the noise

process so that it is uniformly invertible and its long range dependence cannot be overly strong.

Assumption 4. For each n > 1, the spectral density function of 0(")(B)5 satisfies for some fized
a >3,
1 & Ly
ngfg(A;e(")) > - and (/ g\ 0N AN < K57, Y > 0.

"'We use a superscript (n) on noise parameters to facilitate discussion of uniformity over different sequences of
data-generating processes (DGPs) of noise indexed by n. m is a nonobservable mathematical abstraction. All limits
are taken as n — oco. K is a generic n-independent positive constant that may vary from line to line.



3 Main Results
In what follows, we will discuss the constructed estimators and their asymptotic properties.
3.1 Quasi-likelihood Estimation

To estimate volatility, Da and Xiu (2021) propose a quasi-likelihood approach based on a misspecified
model for observed returns. We adopt the same estimator here, but focus on the noise parameters.
Specifically, we pretend that the efficient price X (in logarithm) is a Brownian motion with constant
volatility but no drift, and that the noise U follows a Gaussian MA(q) model with the order ¢ to be

determined:

q
dX; = odWy; U; =10(B)e;, with 0(x) =1+ Zﬂjxj, and ¢&; ~ N(0,1).
j=1

Under this model, the observed log-return vector Y, = (Y, 1,Yn2,..-, Yo n)T,
Yn,i = Xti — th’—l + U, —U;—q1, 1<i<nr. (36)

follows a reduced-form Gaussian MA (g + 1) model, whose np X np covariance matrix ¥, is given by

np—1
En(o-2v L27 9) = U2Anﬂn + Z (Q’Yh — Yh+1 — r}/h—l)GZa (37)
h=0

where (I,);; = 6i 4, (GI);; = Oh,i—j|> and 7y is the h-th order autocovariance of U:

2 ™ . .
= / g 0)ENAN,  where g(A;0) = [6(e™)[ (3.8)
T J—n

Since we are interested in the noise autocovariances, we reparameterize the likelihood function

in terms of (02, 7):
1 1
Ln(02a7) =7 IOgdet(En(0277)) - §tr(2n(02,7)_1YnYnT), (3.9)

where ,,(02,7) := S, (02,:2,0) and 7 is the (¢ + 1)-dimensional vector of the noise autocovariances.

We define (52(q),7,,(¢q)) as the maximizer of L, (c2,7):

~2 o~ _ 2
(@0(9),Vn(q)) = arg e Ln(0%,7), (3.10)

where, following Da and Xiu (2021), the parameter space I1,,(q) is defined as

A Ziﬂghjl
I,,(q) = { (> RI2 inf f(\; 02, v, A,) > =2 2 J <KV, (3.11
(q) {(0 ) € mf f(A0% 7, An) 2 52, 0 +’7°‘+ian\02An+f(A;fy)\ < } (3.11)




Here f(X\;02,v,A,) stands for the spectral density of Y, under the quasi-model: f(\;02,7,A,) =
02 Ap + (2 —2cos \)f(N; ), with f(\;7) = Dt o ’y|j|eﬂj)‘.
To determine an appropriate order ¢, we use information criteria, such as BIC, which in our

setting can be written as

BIC,(q) = gqlogny —2 max L, 02, .
(@) = qlognr (02,7)€n(q) (@)

Our choice of order ¢ will be based on

gn = arg min BIC,(q). (3.12)
g<ny/’®

We can define a similar criterion based on AIC, by replacing qlogny above by 2¢q. Hannan (1980)
shows that using BIC results in consistent order selection for ARMA models. We demonstrate that
a similar result with BIC also holds in our setting. We will therefore focus on BIC in the following

discussion.
3.2 Implementation

We implement the exact likelihood via an auxiliary reduced-form MA (g 4 1) model of the observed

noisy returns:

q+1
Yoi=¢(B)ei, with ¢(x) =1+ ¢a/, 1<i<n, e~N(0x). (3.13)
j=1

)

Algorithm 1. Our algorithm starts as follows:

1. Select the optimal order, G, of the MA process (3.13) for Y, using BIC, defined by (3.12) but

rewritten equivalently in terms of x> and ¢.

2. Obtain ezact quasi-likelihood estimates of X° and % for 1 < j <@, + 1, using the state-space
representation of (3.13) and Kalman filtering,

3. Construct volatility and noise autocovariance estimators using the above estimates:

1 T 32261'13')\ an+1/\ "~ 2 (7n+1/\ 2
;Y\n(zl\n)] —%/WH_M l—i—Z(ﬁlen — 1+Z¢l d\, 0<j<an,
- =1 =1

~ 2
Gn+1

2@ =A% 1+ 39|
j=1

which are obtained by comparing different parameterizations of the return autocovariances.



4. Solve @, + 1 nonlinear equations for g, + 1 model parameters (T?L(Q\n),/én(@\n)) from 7, (qn)
obtained in Step 3:

n—]
—~
~

V@n)j =T (Gn) 0n(Gn)10n(@n)ivi, 0=<3j < qn. (3.14)
=0

)

A Newton-Raphson algorithm that converges quadratically is available from Wilson (1969).

Effectively, Step 4 is to find g, + 1 model parameters of the MA(g,) noise process from up-to-
gnth-order autocovariances 7,(gn);, 0 < j < @,. This practice is common in the classic time-series
analysis. For instance, Box, Jenkins, and Reinsel (2007) recommend using this algorithm to find
initial values based on autocovariances for the maximum likelihood estimation of an MA model.

Step 3 is sufficient for volatility and noise autocovariance estimation, and it is rather simple to
implement. If one is further interested in (:2,6), a unique solution (T?L(q),gn(q)) exists from Step
4, with probability approaching 1 when noise is sufficiently large relative to the sample size. When
noise is small, however, these parameters are weakly identified, and (3.14) may have no solution such

that 72 (q) is positive and ,(q) is real.
3.3 Model Selection Consistency

We now discuss the asymptotic properties of the proposed estimators. The asymptotic analysis
here is more involved than the classic time-series analysis, because the DGP of observed returns is
misspecified. Moreover, the asymptotic design is in-fill, so that not only the dimensions, but also
the entries of the covariance matrix Y, in the quasi-likelihood, depend on the sample size np; see
(3.7). Consequently, prior results from classic time-series studies are not applicable. Even worse, the
quasi-likelihood estimator does not have an explicit form.

We start with a model selection consistency result based on BIC, which allows us to conduct
pointwise inference on autocovariance parameters. We thereby impose a finite-order moving-average
model for the DGP of noise. In an in-fill asymptotic experiment, imposing a finite-order MA model
for noise independent of the sampling frequency might appear ambiguous, in that observations are
filled in between adjacent ones and the dependence structure changes as the sampling frequency
approaches 0. However, as Jacod, Li, and Zheng (2017) argue, the frequency of observations in
practice is fixed by the available data and does not really go to 0. Therefore, the interpretation of
the asymptotic design is that the frequency of our observations is “high enough” to consider that we

are “almost” in the asymptotic regime.

Theorem 1. Suppose Assumptions 1 - 4 hold. We further assume a non-vanishing noise process with
an exact MA(q*) structure, i.e., 1) > K~' and 6" € RY" for alln > 1 and v/n(log n)_l\ﬁgf)] — 00,
for some fixed ¢* > 0. Then it holds that

lim P(q, =q¢*) = 1.

n—o0



As the sample size increases, the likelihood is asymptotically dominated by that of the noise
component. Therefore, the same intuition from the classic time-series result applies here. The
likelihood estimator effectively minimizes the Kullback-Leibler divergence, but only when the selected
order is no smaller than the truth. Moreover, the BIC imposes a penalty just large enough to rule
out orders that are greater than the truth asymptotically. The combination of these two results leads

to the desired consistency in model selection.
3.4 Inference on Noise Autocovariances and Autocorrelations

Recall that in (3.10) and Step 3 of Algorithm 1, we defined and implemented estimators of noise
autocovariances. We now propose estimators of autocorrelations, denoted by p,,(¢,), which are
defined as follows.

If (3.14) has a solution such that 72(g,) is positive and 6, (g,) is real, we set?

Vn(@n)

o~ o~ Z]\n] .
Pn(Gn)j = ===, j=>1
A @)o

Otherwise, we set
/p\n(/q\n) =0.

In light of their definitions, we can regard these estimators as “hard-thresholding” estimators, in that
higher-order autocovariance and autocorrelation estimates are truncated to zero beyond the selected
order q,,.

Next, we prove the pointwise central limit theorem for estimators of noise autocovariances in the
finite-order moving average model. The corresponding result for autocorrelations follows straightfor-

wardly.

Theorem 2. Suppose Assumptions 1 - J hold. We further assume (V) > K~1 and 60 e R?
for all m > 1 and some fized ¢* > 0. Let 4™ be the (¢* + 1)-dimensional vector of up-to-q*th-
order autocovariances of U, whose components are defined in equation (2.4).> Assume there exists a
(q* + 1)-dimensional vector v* such that ¥™) —~+* = op(1). Then it holds that*

n1/2 Gnla*) ’Y(n)) Ls=Foo N (Og=+1, AVAR;),

where
T [ nieds
(S n2estds)®

2Estimates of autocovariances and autocorrelations are, of course, zero beyond the g,-th lag.

AVAR; = <2W(7*)_1 + T cum4(5))

3Recall that the vectors 'y(") and v* are indexed from 0. We refer to 'y(") here as a (¢* +1)-dimensional vector simply
because 'yj(.") =0 for all j > ¢*, since 6™ € RY". For this reason, in most of our discussions, we do not distinguish it
from an oco-dimensional vector. The same applies to other co-dimensional vectors.

s—Foo

“Here and throughout the appendix, £e=> stands for stable convergence in law with respect to F.



cumy(g) denotes the fourth cumulant of ¢,

1 [T r0log f(X;y)\TOlog f(A;7)
W(v)—%/_ﬂ( 5 ) 5

This result shows that our estimator achieves the best convergence rate possible—n!/2. In addi-
tion, the nonparametric estimation of volatility, which serves as a nuisance parameter here, does not
influence the asymptotic variance of noise parameters. In fact, the asymptotic variance has the same
form as in the classic time-series analysis—e.g., Brockwell and Davis (1991)-barring n and £ terms,
which are irrelevant in discrete time settings, as if the observed prices were purely made of noise.
This further suggests that when ¢ indeed follows a Gaussian distribution, our estimator achieves the
optimal efficiency.

The next corollary presents the central limit result for autocorrelations:

Corollary 1. Suppose the same assumptions as those in Theorem 2 hold. Let p(") be the q* vector
of up-to-q*th-order autocorrelations of U whose components are defined in equation (2.4). Then it
holds that

n12(5,(q*) — p™) P52 MA 04+, AVAR,)

where the ijth entry of the ¢* x ¢* matrix AVARy is given by

K K

i Vi 1 Z v
(AVARy),; = “2 (AVAR1),, + —55 (AVARY),, 1 1) — g S (AVARy),, — —2 (AVARy), -
Yo Y% ’Y() ’YO

Next, we construct an estimator of the asymptotic variance, AVAR;, in Theorem 2, which natu-

rally leads to an estimator for AVAR, in Corollary 1.

Proposition 1. Suppose the same assumptions as those in Theorem 2 hold. Define

~

AVAR: = (2W(9,(@)) ™" +F(@0)7n (@) () ) (3 @n)o = T (@a)r) B

where, with k, ~ logn,

/\ S_15 ~ 21 [T ~ i~
Cum4(€) = k;an IB;L - an - (’Yn(qn)o - Wn(Qn)l) 2; f()‘;IYn(Qn))2(1 — CO8 )‘)2d)‘,

np—2kn 2kn, nr—kn
) 2 n/ 2
B, = E g Y. it;, and By, g E Yo it
4nTk' 47”LT]€
j=kn+1 i=1+ky ]——k’

Then, we have

HAVA?M — nTnflAVARlu =op(1).

With this proposition in place, we can build confidence intervals for noise autocovariances and

autocorrelations using n;lAVA\Rl, which does not involve the unobservable scalar n in the CLT.

10



3.5 Uniform Consistency of Noise Autocovariances and Autocorrelations

The asymptotic inference established here is pointwise, in the sense that it does not allow for model-
selection mistakes. As pointed out by Leeb and Potscher (2005), model selection errors matter in
finite samples, to the extent that the prescribed asymptotic distribution could be seriously distorted.
Moreover, uniformly valid inference is generally not available.

That said, we establish a uniform consistency result for 7,,(g,) and p,(g,) with respect to ~{
and p(™ under L2-norm, where all vectors are regarded as oo-dimensional. This result sheds light
on the asymptotic behavior of these estimators when noise DGPs are allowed to vary within a larger
class beyond MA(q), allowing for a vanishing magnitude and a more flexible dependence structure.

We characterize the class of noise DGPs we consider in the next assumption.

Assumption 5. Define ¢5(k) := mingq, subject to ny: Z?q:q |R§n)]2 < kqlogn, where 1, = (1 +
n=12 /)= and %;n) =2+ 1)w;(2m§-rj_)1+i - ﬁé@iw - 551)@) We assume for any 0 < k < K,
au(k) = o(n' A v ) and mh YT IRV = O(gi (k) log n).

i=4; (k)

Intuitively, gy (k) mimics the “oracle” order that BIC selects. Effectively, Assumption 5 requires
that this order cannot be too large and imposes an upper bound on the approximation error induced
by a selected MA model. Nevertheless, these conditions in Assumption 5 are not restrictive. They
accommodate common processes such as MA(co), with |m§n)\ ~ j~% for some oo > 3V m,
as well as any finite order ARMA(p, ¢) with an arbitrarily shrinking noise magnitude LM <1,

We are now ready to present the uniform consistency result for autocovariances and autocorre-

lations:

Theorem 3. For any sequence of DGPs that satisfies Assumptions 1 - 5, we have
15 @n) = 2" * = Op (n71 W)@ + 1) 10g n + 0 (02 41)(G, + 1) log ).
If, in addition, we assume (V) > Kn=2/3(logn)'/4, it holds that
(@) = o ™|* = Op (™) 5 @) — ).

In general, the autocorrelation p(™ is weakly identified in the presence of small noise. The last
part of Theorem 3 rules out this scenario, restricting the class of DGPs such that the noise variance
cannot be too small.

Whereas consistent estimation of autocorrelations requires a more restrictive class of DGPs,
Theorem 3 allows for arbitrarily small and vanishing noise for autocovariances. The case of small noise

is highly relevant in practice, as shown from our empirical study below. Our result is complementary

11



to the asymptotic theory developed by Jacod, Li, and Zheng (2017) and Li and Linton (2021), who

focus on the case of non-vanishing noise.
3.6 Quadratic Representation

The QMLE estimator appears to have a rather different structure compared with alternative non-
parametric estimators in the literature, e.g., realized kernels, which can be regarded as quadratic
estimators. In this section, we propose an alternative but equivalent quadratic form of the QMLE,
which sheds light on its connection with and distinction from these quadratic estimators. We do so

for both volatility and noise autocovariance estimators.

Theorem 4. Suppose the same assumptions as those in Theorem 2 hold and that ") = ~*. The
QMLE (57,(q*),3,(q*)) satisfies that for 0 < j < ¢,

0(¢7) = YIWn(37(a7), (@) DYay - Fn(a7); = YIWa(G7(0), 7 (a7): 5 + 2)Yn, (3.15)

where the set of n x ny weighting matrices Wy (a2, v;1), 1 =1,2,...,¢* + 2, is defined by’

% (0?,7)

vee(Wy (02, 7;1)) = 5,1 (62, 7) (2, 7)

2771(0-23 ’Y)Wn_l(oja 7)(0l—17 17 0q*+2—l)7

with Sy (02,7) given by (3.7), and the (¢* 4 2) x (¢* + 2) matriz W, (62,~) given by

2 2
Wn(a2a7)i,j =tr <2n1(0.2’,y)82n(0-7fy)2n1(0_27 )8En(<7,7)> )

d(02,7); d(02,7);

Theorem 4 shows that the QMLE can be written as an iterative quadratic estimator. It also
suggests an alternative algorithm for estimation. With some initial values given, we can iteratively
update parameters via equations given by (3.15) until convergence. Figure 1 plots these weighting
matrices for both volatility and noise parameters, and compares them in the case of i.i.d. and MA(5)
noises. The noise weighting matrices feature a “W” shape along the diagonal, and the magnitude of
weighting matrices for autocovariance decays as their order increases. With respect to the volatility
estimator, the bottom panel shows notable “flatness” at the top of the volatility weighting matrix
for the MA(5) model, which helps cancel out the impact of dependent noise. This patten motivates
us to investigate the connection between the QMLE and the flat-top realized kernel introduced by
Varneskov (2016) to the high-frequency environment in the context of volatility estimation. We also

provide an equivalent kernel for autocovariances.

Theorem 5. Suppose the same assumptions as those in Theorem 2 hold. In addition, suppose
q > 0 is fived and (02,7) € W,(q) such that K= < infy f(\;y) < sup, f(\;7) < K. Then for all

%04 is the d-dimensional vector of 0s. All vectors are column vectors. We write (a,b,¢) in place of (aT,bT,cT) for
simplicity.
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Note: This figure compares weighting matrices Ws in the quadratic representations of the QMLE
for 02 and ¢2 in the case of i.i.d. noise, as well as those matrices for o2, 79, 1, and 75 in the case
of MA(5) noise. We scale the volatility weighting matrices by 7. In both cases, we fix c* = 0.3,

t* = 0.005, A = 5 minutes, T = 1 day. The moving-average parameters of the MA(5) process are
given by 6* = (0.25,0.2,0.15,0.1,0.05).

Figure 1: Quadratic Representations of the Estimators
pl/2ta < 5 <p—pl/2e with 0 < a < %, the weighting matriz W, (02, ;1) satisfies for 1 > 1,

(i) Walo®, v 1)iy =T 'k(H, i — j)) (1 +0(1), Walov;0)i; = Nk(H, i — j]) + O(1);

(i) sup | Wa(0® v 1)ij — Wa(o®, 75 1)ia| = O(AY?);
li—jl<g+1
i—7+2—=1
(dii) sup ’Wn(UQ, ¥; Dig + Lu<ji—jl+1} lizjl+2-t 32’ ‘ = 0(AY?),
li—jl<q+1 nr

where the implied equivalent kernels are k(x) = (1 4+ x)e™™ and E(m) = xe™ %, the implied bandwidth
is Hy = Co ' A2 4 0(1) with (2 = 5 <1, and A = (206303 *np) 7 12— 6,0)W ()1,
with W (~y) defined in Theorem 2.

Theorem 5 suggests that the bulk of the QMLE weighting matrices can be approximately written
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as that of a nonparametric kernel estimator with an implicit bandwidth. Despite this equivalence, it
is more convenient to implement the QMLE using Algorithm 1 in Section 3.2, which does not require
tuning parameters barring order selection, or any special adjustment to the border effect. Also note
that this equivalence result is only established under the assumption that the spectral density of the

noise (and hence its magnitude) is bounded from below, which rules out the case of small noise.
4 Monte Carlo Simulations

We examine the finite-sample performance of the estimators in a variety of simulation settings.
Throughout we fix T'= 1 day and the average sampling frequency every 5 seconds. We have 1,000

Monte Carlo trials in total.
4.1 Verification of the Asymptotic Results

We simulate X; and o7 according to the same log-volatility model as in Li and Xiu (2016):

(4.16)

dX; = (0.054 0.502)dt + o dW; + JXdNy,
02 = Dyexp(—28+6F), dF, = —4Fdt+ 0.8dW, + JEdN, — 0.02\ydt,

where E[dW,dW;] = —0.8dt, JX ~ N(0,0.022), J¥ ~ N(0.02,0.022), N, is a Poisson process with
intensity Ay = 25, and D, captures the diurnal effect:

Dy, = 0.75 exp(—10t/T) + 0.25 exp(—10(1 — t/T)) 4 0.8.

The arrival of trades follows an inhomogeneous Poisson process with rate nT 1, V= nr-t(1 +
cos(27t/T)/2), so that fewer trades arrive in the middle of the day.
With respect to the noise, we start with an MA(5) model of U with * = (0.25,0.2,0.15,0.1,0.05),

innovation ¢; being Student’s ¢t-distribution with 7 degrees of freedom, ¢ = 2.5x 1073, and 7, following
dny =10 x ((14 107" cos(2nt/T)) — n¢) dt + 0.1dWy,

where W; is the same Brownian motion that drives X. We also round the observed prices to the
nearest cent: X; = log ([100 x exp(X;)]) — log 100, where [-] means rounding to the nearest integer.

We first assume that the correct order, namely 5, is known, so that we can verify the CLTs for
noise autocovariances given in Section 3.4 without worrying about model selection mistakes. Figure
2 provides the histograms of the standardized estimates for 7,(q), £ = 0,2,...,5, using estimated

asymptotic variances. All histograms match the standard normal density.
4.2 Comparison with Alternative Estimators

We then compare our estimators of noise autocorrelations against alternative nonparametric estima-
tors by Jacod, Li, and Zheng (2017) (JLZ) and Li and Linton (2021) (ReMeDI) in a more challenging

50ur theory does not allow for this type of rounding errors. We simulate this model to demonstrate that the
rounding effect appears negligible.
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Figure 2: Histograms of the Standardized Parameter Estimates

Note: This figure plots the histograms of the standardized estimates for 4,(¢q), K = 0,1,...,5, along with
the density of the standard normal distribution. The noise is simulated from an MA(5) model with 6* =
(0.25,0.2,0.15,0.1,0.05) and ¢* = 2.5 x 1073, The order of the MA model is known prior to estimation.

MA (00) setting in which (B) = (1 — 0.4B)71(1 + 0.2B). To demonstrate the effect of small noise,
we consider three different scenarios for the magnitude of the noise, ¢, which takes values from 10~*
(small noise) to 5 x 10~* (median noise) and 2.5 x 10~3 (large noise). Our estimator uses either AIC
or BIC for model selection, whereas nonparametric estimators involve a tuning parameter.

Jacod, Li, and Zheng (2017) propose to estimate autocovariances, 7, by approximating efficient

prices using their local averages:

| nrloidhn = 1 ezl

~JLZ Y e Y e

V= Z (Xti - h_n Z Xti+j+l+hn) (Xtiﬂ’ - h_n Z Xti+j+l+3hn) :
=0 =0

T
T i=0

_1
2u+1

exponent of . It determines the local window size used to estimate realization of the noise. Their

Here h,, is a sequence of integers satisfying h,, ~ n~" with <n< %, where v is the p-mixing

paper selects h,, = 6 in simulations with 1-second data. According to their criterion, when data are

sampled at 5-second frequency, h,, must be an even smaller integer in a finite sample, so we report
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the autocorrelation estimates for h,, = 2,4, and 6.
Li and Linton (2021) suggest an alternative construction that takes the differences of log prices

over longer horizons to dampen the impact of efficient prices:

np—2kn—j
~ReMeDI 1 = VL =
7 = > Kigkn — X)Xy gk, — Xitjh),
=1

where k, is a tuning parameter that satisfies: k, — oo, k,n~"7 — 0, for ﬁ < n < L. We select

g.
kn = kI, logn, where k], = 0.5,1, and 2 in simulations.

With autocovariances given, the autocorrelations can thereby be estimated accordingly: ’ﬁj-LZ =

%]»LZ /A0 and ﬁgf{eMeDI = ﬁgf{eMeDI JARMEDT " yWe prefer autocorrelations (to autocovariances) because
their scale is interpretable. However, we find it necessary to winsorize the estimated autocorrelations
for AIC-based QMLE and both nonparametric estimators, when the noise magnitude is small, to
ensure that their estimates are within the natural bound [—1,1].”

Table 1 provides comparison results for autocorrelations among QMLE, JLZ, and ReMeDI estima-
tors across various noise magnitudes. Several points are worth making. For large noise, all estimators
work reasonably well, but QMLEs generally outperform nonparametric estimators in terms of RMSE
because they are more efficient. AIC slightly outperforms BIC, and ReMeDI appears to outperform
JLZ. The latter suffers from a large finite sample bias. In the small noise regime, nonetheless, the
biases and RMSEs for both nonparametric estimators deteriorate substantially. For estimation of
noise autocovariances, “signal’ is the microstructure friction, whereas “noise” is the efficient price.
When the signal-to-noise ratio is too low, the error due to estimation is too large to justify doing
so. In contrast, the QMLEs either conclude that noise is absent (i.e., # and (> are not available),
in which case all autocorrelations are zeros, or select an MA model with a certain g,, so that any
autocorrelation beyond the ¢,-th order is zero. Because of the rapid decay in autocorrelations and
small noise magnitude, 0 is often a better estimate in terms of RMSE than nonparametric estimates,
and in particular for larger lags. Comparing AIC with BIC, the latter is more conservative, as it
essentially yields 0 autocorrelation estimates for almost all Monte Carlo replications, whereas the
former produces many nontrivial estimates. However, doing so seems to increase AIC’s RMSE, and
AIC does require winsorization for about 5.3% of sample paths, compared with 20.9% for ReMeDi
and 4.0% for JLZ. BIC needs no adjustment.

5 Empirical Analysis of U.S. Equity

To demonstrate the empirical relevance of the proposed approach, we conduct a large-scale study of
noise autocovariances for S&P 1500 index constituents from January 1, 1996, to December 31, 2016.
There are approximately 1,500 tickers every day, and about 3,500 tickers in total due to changes in
index constituents. To illustrate, we summarize cross-sectional findings here though all estimates

are available upon request. We use BIC-QMLE for noise-related parameters because of the model

"If a correlation estimate exceeds 1 (resp. -1), we reset it to be 1 (resp. -1).
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Table 1: Simulation Results for Noise Autocorrelation Estimation

QMLE QMLE JLZ JLZ JLZ ReMeDI ReMeDI  ReMeDI
BIC AIC hn=2 hy,=4 h,=6| kI, =05 k=1 Kl =2
Panel A: Small Noise
p1 BIAS | -0.309 -0.195 0.586 0.639 0.657 -0.082 0.224 0.387
RMSE  0.310 0.432 0.587 0.639 0.657 0.577 0.603 0.617
ps BIAS | -0.163 -0.101 0.716 0.775 0.795 0.008 0.315 0.477
RMSE  0.163 0.327 0.718 0.775 0.795 0.600 0.691 0.723
ps BIAS | -0.044 -0.027 0.821 0.885 0.906 0.048 0.369 0.536
RMSE  0.044 0.242 0.824 0.886 0.906 0.633 0.757 0.801
Panel B: Median Noise
p1 BIAS | -0.093 -0.017 0.153 0.300 0.379 -0.006 -0.016 -0.035
RMSE  0.150 0.075 0.185 0.312 0.386 0.098 0.150 0.251
ps BIAS | -0.063 -0.010 0.188 0.364 0.459 0.000 -0.012 -0.034
RMSE 0.094 0.054 0.227 0.379 0.468 0.111 0.170 0.280
ps  BIAS | -0.029 -0.004 0.217 0.416 0.524 0.003 -0.002 -0.033
RMSE  0.039 0.036 0.262 0.434 0.535 0.115 0.186 0.300
Panel C: Large Noise
p1 BIAS | -0.009 -0.001 -0.055 0.010 0.045 0.000 -0.003 -0.001
RMSE  0.040 0.020 0.073 0.063 0.083 0.036 0.039 0.043
ps BIAS | -0.008 0.000 -0.066 0.012 0.055 0.001 -0.002 -0.001
RMSE  0.029 0.019 0.088 0.075 0.100 0.042 0.043 0.048
ps BIAS | -0.011 0.000 -0.075 0.014 0.062 0.001 0.002 0.000
RMSE  0.028 0.018 0.101 0.086 0.114 0.044 0.046 0.051

Note: This table compares estimators of 1st-, 3rd-, and 5Sth-order autocorrelations (p1, p3, p5) in three sce-
narios of noise magnitude. “QMLE” is an MA(q,)-likelihood estimators using either BIC or AIC for order
selection. “JLZ” refers to the nonparametric estimator of Jacod, Li, and Zheng (2017). “ReMeDI” refers to
the nonparametric estimator of Li and Linton (2021). We report three choices of h,, and k], for comparison.
The AIC-QMLE, JLZ, and ReMeDI estimates of autocorrelations are winsorized so that their magnitude stays
within [—1,1]. The true 1st, 3rd-, and 5th-order autocorrelations are 0.308, 0.163, and 0.04, respectively.

selection consistency result discussed earlier. We also report volatility estimation results, but with
AIC*-QMLE, as suggested by Da and Xiu (2021).

We download the trades and quotes of all equities at their highest frequency available (up to a
millisecond after January 1, 2007, and a microsecond from July 27, 2015) from the TAQ database.®
Next, we remove trades and quotes with special condition codes or suffix codes, as well as those that

occur outside regular trading hours.” We then construct national best bid and offer (NBBO) data

8Because companies change their tickers from time to time for mergers, acquisitions, or other reasons, the same
ticker in the TAQ database may correspond to different stocks. We therefore keep track of these changes and use CRSP
PERMINO:s to index all stocks that do not change over time.

9We remove trades and quotes with condition codes Z, B, U, T, L, G, W, K, J and corresponding odd-lot trades,
which have an additional letter I, as well as those with non-empty suffix codes (preferred shares). We identify opening
trades as those with condition codes O, Q, OI, or QI; closing trades with 6, M, 61, or MI; and remove all trades beyond
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using quotes from all exchanges at a 1-second frequency.'” We then match trades with NBBOs by
their recorded time points and remove those trades that are outside the range of the corresponding
NBBOs.!" Our approach is less aggressive than that of Barndorff-Nielsen, Hansen, Lunde, and
Shephard (2009), in that we maintain trades and quotes from all exchanges, whereas they retain
only entries originating from a single exchange. Next, we remove redundant trades, retaining only
nonzero returns.'” This step helps alleviate model misspecification due, for example, to the effect of
rounding, latency or delay across exchanges, and so on. Finally, we remove any stock days that have
fewer than 12 observations after cleaning.

We start by examining the time-series behavior of volatility and microstructure noise. The upper
panel of Figure 3 presents the time series of volatility estimates for constituents of each of the three
indices, respectively. The lower panel provides the time series of noise-variance estimates among
those constituents whose estimates are available. We use lines to represent the median and shaded
areas to represent the lower and upper quartiles in the cross-section. We also smooth these time
series using equal weights over a monthly moving window. Although considerable cross-sectional
variation is present, the median volatility estimates among constituents of all three indices share a
pattern similar to what we usually find from the volatility of the S&P 500 index. That said, the
small caps are on average more volatile than the large caps, with the mid caps in between. As to the
noise, there is a clear declining pattern in its order of magnitude over time across the entire universe,
which is likely because of the improvement in market efficiency. Not surprisingly, the small caps have
the largest noise, followed by the mid cap and then the large cap.

Next, we focus on the dependence structure of the noise. As the left panels of Figure 4 show,
around 30%-60% of stocks have noise that is too small to be estimated. This percentage is higher for
large caps than for small caps. For a large percentage of stock-day pairs, the selected orders based on
the BIC are 0, so that i.i.d. noise assumption is reasonable for them. That said, about 10%-30% of
stock-day pairs remain for which BIC prefers a few more lags. For BIC to select more than 6 lags is
rare. We also find more stock-days in 2016 with selected orders greater than or equal to 1, compared
with earlier years, particularly for large caps. This finding is due to the availability of data sampled
at a frequency even higher than every second, for which we expect to see more autocorrelated lags.

To shed further light on this point, we provide in the right panels of Figure 4 histograms of the
durations of autocorrelations for those tickers with selected lags greater than or equal to 1. Duration
is defined in terms of seconds as the product of the selected order and the average trading frequency
for each stock-day pair. We find that estimated durations are much shorter for large-cap stocks than

for smaller caps. Moreover, the average duration of autocorrelations has been decreasing in the past

the window of opening and closing time points. We only keep trades with correction indicator 00 or 01.

1"We construct NBBOs from the millisecond dataset by adapting the SAS codes from https://wrds-web.wharton.
upenn.edu/wrds/research/applications/microstructure/NBB0%20derivation/. Although this database has more
precise timestamps, we do not construct NBBOs at any frequency higher than every second.

UFor trades that are observed at millisecond or microsecond intervals, we match them with the NBBOs of the
previous second. Our SAS codes for cleaning the data are available upon request.

12 This step is called “tick-time sampling” by Griffin and Oomen (2008).
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Figure 3: Time Series of Volatility and Noise-innovation Variance

Note: The upper panel compares the cross-sectional median (lines), lower, and upper quartiles (shaded areas)
of the annualized volatility estimates for S&P Composite 1500 Index constituents (using Algorithm 1.3), and
the lower panel presents the variance estimates of noise innovation (using Algorithm 1.4) for those constituents
that have large-enough noise. The time series are smoothed with equal weights over a moving window of 21
days. The y-axis of the lower panel is transformed to the logarithm scale for the sake of presentation.

two decades. For instance, the average duration of large caps has decreased from 10? ~ 103 to merely
10 seconds.

Finally, we discuss the importance of modeling the microstructure noise through the lens of
volatility inference. While there exist informal volatility signature plot or more formal tests of
microstructure noise (Ait-Sahalia and Xiu (2019)), such pre-testing-based approaches do not deliver
correct volatility inference due to uniformity concerns when noise exists but is too small to be
detected. We compare the biases and RMSEs of the popular realized volatility estimator and the
QMLE, to indirectly shed light on the influence of noise. The former estimator, based on data
sampled at a prespecified frequency—say, every 5 or 15 minutes—is most commonly adopted in
practice.

The left panels of Figure 5 compare the cross-sectional medians of realized volatility estimates

based on 5-minute and 15-minute subsamples, respectively, with the corresponding medians of the
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Figure 4: Selected Orders and Durations of Autocorrelations

Note: Left panels provide the frequencies of selected orders using BIC for each stock-day pair in 1996, 2006,
and 2016, respectively. “-1” represents the case of small noise, i.e., the stock-day pair for which no reliable
estimate of noise variance exists. “0” represents the case of i.i.d. noise, whereas other values are the selected
orders of MA processes. Panels on the right provide the corresponding (fitted) histograms of the durations
of autocorrelations in the case of dependent noise. Duration in terms of seconds is defined as the product of
the selected order and the average trading frequency for each stock-day pair. The x-axis is transformed to a
logarithmic scale for the sake of presentation.

QMLEs. Remarkably, on average, a large upward bias associated with the former estimates is present,
potentially due to the presence of noise at the 5-minute frequency. The biases are substantial-over
160% for small caps—compared with noise-robust QMLESs in earlier years. The biases have been
decreasing over the past two decades, with a slight increase post-2008. Biases of the small caps are
more evident than those of the large caps. On average, the large caps are traded more frequently than
every 5 minutes, so their biases in the cross-sectional medians are almost indistinguishable from zero
post-2002. This finding does not imply that every 5 minutes is a safe frequency for each individual
constituent of the S&P 500 index. At a 15-minute frequency, the biases are clearly smaller—though
they have not completely vanished, even in 2016—for these median estimates. The right panels of
Figure 5 compare the ratios of standard errors between the 5-minute (resp. 15-minute) realized

volatility estimator and the QMLE using the entire sample. The larger the ratio, the greater the
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efficiency loss for the realized volatility. We only report results for 2016, because the quality of the
realized volatility estimator is best. We find that when the sampling frequency reaches every 15
minutes, most of the ratios are greater than 1, with some being as large as 10—in particular, for S&P
500 constituents—which suggests substantial efficiency losses.

To sum up, without accounting for noise, the realized volatility estimator faces a bias and variance
dilemma. Estimates using 5-minute data are subject to severe biases, whereas 15-minute estimates
suffer from considerable efficiency losses. Additionally, the standard errors could still be understated

because the noise might not be sufficiently small to the extent that it can be safely ignored.
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Figure 5: Relative Biases and Standard Errors of the Realized Volatility against QMLE

Note: The right panels plot percentage biases in the cross-sectional medians of 5-minute and 15-minute realized
volatility estimates, respectively, relative to their corresponding QMLESs using the entire sample. Time series
are smoothed with equal weights over a moving window of 21 days. The right panels provide the histograms
of the ratios of standard errors between the 5-minute (resp. 15-minute) realized volatility estimator and the
QMLE, for each stock-day pair in 2016. The x-axes on the right panels are transformed to the a logarithmic
scale for the sake of presentation.

6 Conclusion

We propose a semiparametric approach to disentangling autocovariances and autocorrelations due

to the microstructure frictions associated with observed prices. Our approach resembles a threshold
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estimator, which gives zero autocovariance estimates beyond the lag selected by the information
criteria. This feature delivers superior performance in the finite sample, particularly when noise is
relatively small, compared with alternative nonparametric estimators. Our empirical study of S&P
1500 stocks finds that the microstructure noise has shrunk by several orders of magnitude and that
its autocovariances have faded more rapidly in recent years than earlier. These findings indicate
that market efficiency has improved substantially, potentially due to the popularity of electronic and
algorithmic trading. In a cross-sectional comparison, the autocovariances of small-cap stocks tend
to persist for a longer period than the large caps, perhaps due to limits to arbitrage or for liquidity

reasons.

22



References

ATT-SAHALIA, Y., P. A. MYKLAND, AND L. ZHANG (2005): “How Often to Sample a Continuous-

Time Process in the Presence of Market Microstructure Noise,” Review of Financial Studies, 18,
351-416.

(2011): “Ultra High Frequency Volatility Estimation with Dependent Microstructure Noise,”
Journal of Econometrics, 160, 160-175.

AIT-SAHALIA, Y., aAND D. X1U (2019): “A Hausman Test for the Presence of Market Microstructure
Noise in High Frequency Data,” Journal of Econometrics, 211, 176-205.

AMIHUD, Y., aND H. MENDELSON (1980): “Dealership market: Market-making and inventory,”
Journal of Financial Economics, 8, 31-53.

BARNDORFF-NIELSEN, O. E., P. R. HANSEN, A. LUNDE, AND N. SHEPHARD (2008): “Designing

realized kernels to measure ex-post variation of equity prices in the presence of noise,” FEconomet-
rica, 76, 1481-1536.

(2009): “Realized Kernels in Practice: Trades and Quotes,” FEconometrics Journal, 12,
1-32.

(2011): “Subsampling Realised Kernels,” Journal of Econometrics, 160(1), 204-219.

BERTSIMAS, D., anD A. W. Lo (1998): “Optimal control of execution costs,” Journal of Financial
Markets, 1, 1-50.

BIBINGER, M., N. HAuTSCH, P. MALEC, aND M. REISs (2019): “Estimating the Spot Covariation
of Asset Prices — Statistical Theory and Empirical Evidence,” Journal of Business & Economic
Statistics, 37(3), 419-435.

Box, G. E. P., G. M. JENKINS, aND G. C. REINSEL (2007): Time Series Analysis: Forecasting
and Control. Wiley, 4th edn.

BROCKWELL, P. J., anp R. A. Davis (1991): Time Series: Theory and Methods. Springer-Verlag,
New York, second edn.

BROGAARD, J. A., T. HENDERSHOTT, AND R. RIORDAN (2014): “High Frequency Trading and
Price Discovery,” Review of Financial Studies, 27, 2267-2306.

CHANG, J., A. DELAIGLE, P. HALL, anD C. TANG (2018): “A frequency domain analysis of the
error distribution from noisy high-frequency data,” Biometrika, 105(2), 353-369.

Da, R., anp D. X1u (2021): “When Moving-Average Models Meet High-Frequency Data: Uniform
Inference on Volatility,” Econometrica, forthcoming.

GARBADE, K., AND Z. LIEBER (1977): “On the Independence of Transactions on the New York
Stock Exchange,” Journal of Banking and Finance, 1(151-172).

GrIFFIN, J. E., anD R. C. OOMEN (2008): “Sampling returns for realized variance calculations:

Tick time or transaction time?,” Econometric Reviews, 27, 230-253.

23



HANNAN, E. J. (1980): “The Estimation of the Order of an ARMA Process,” The Annals of
Statistics, pp. 1071-1081.

HASBROUCK, J. (2007): Empirical Market Microstructure. Oxford University Press, New York, NY.

HASBROUCK, J., anp T. S. Y. Ho (1987): “Order Arrival, Quote Behavior, and the Return-
Generating Process,” Journal of Finance, 42(4), 1035-1048.

HorN, R. A., anp C. R. JOHNSON (2013): Matrixz Analysis. Cambridge University Press, second
edn.

Jacop, J., Y. L1, P. A. MYKLAND, M. PopoOLsSK1J, aAND M. VETTER (2009): “Microstructure
Noise in the Continuous Case: The Pre-Averaging Approach,” Stochastic Processes and Their
Applications, 119, 2249-2276.

Jacop, J., Y. L1, anp X. ZHENG (2017): “Statistical Properties of Microstructure Noise,” Econo-
metrica, 85(4), 1133-1174.

(2019): “Estimating the Integrated Volatility with Tick Observations,” Journal of Econo-

metrics, 208, 80—100.

Jacop, J., M. PopoLsk1lJ, aAND M. VETTER (2010): “Limit Theorems for Moving Averages of
Discretized Processes Plus Noise,” Annals of Statistics, 38, 1478-1545.

JAacop, J., anp P. PROTTER (2011): Discretization of Processes. Springer-Verlag.

KALNINA, 1., anD O. LINTON (2008): “Estimating quadratic variation consistently in the presence

of endogenous and diurnal measurement error,” Journal of Econometrics, 147, 47-59.
KYLE, A. S. (1985): “Continuous Auctions and Insider Trading,” Econometrica, 53, 1315-1336.

LeeB, H., anp B. M. POTSCHER (2005): “Model Selection and Inference: Facts and Fiction,”
Econometic Theory, 21(1), 21-59.

L1, J., anp D. X1u (2016): “Generalized Method of Integrated Moments for High-Frequency Data,”
FEconometrica, 84, 1613-1633.

L1, M., anp O. LINTON (2021): “A ReMeDI for Microstructure Noise,” Discussion paper, Cambridge
University.

NEwEY, W. K. (1991): “Uniform convergence in probability and stochastic equicontinuity,” Econo-
metrica: Journal of the Econometric Society, pp. 1161-1167.

NIEDERHOFFER, V., AND M. OSBORNE (1966): “Market Making and Reversal on the Stock Ex-
change,” Journal of American Statistical Association, 61(316), 897-916.

REIss, M. (2011): “Asymptotic equivalence for inference on the volatility from noisy observations,”
Annals of Statistics, 39, 772-802.

SIMMONS, D. M. (1971): “Common-Stock Transaction Sequences and the Random-Walk Model,”
Operations Research, 19(4), 845-861.

TOTH, B., I. PALIT, F. LiLLO, aND J. D. FARMER (2015): “Why is Equity Order Flow so Persis-

24



tent?,” Journal of Economic Dynamics €& Control, 51, 218-239.

VARNESKOV, R. T. (2016): “Estimating the quadratic variation spectrum of noisy asset prices using

generalized flat-top realized kernels,” Fconometric Theory, pp. 1-45.

WILSON, G. (1969): “Factorization of the Covariance Generating Function of a Pure Moving Average
Process,” SIAM Journal on Numerica Analysis, 6(1), 1-7.

X1u, D. (2010): “Quasi-Maximum Likelihood Estimation of Volatility with High Frequency Data,”
Journal of Econometrics, 159, 235-250.

ZHANG, L. (2006): “Efficient Estimation of Stochastic Volatility Using Noisy Observations: A Multi-
Scale Approach,” Bernoulli, 12, 1019-1043.

ZHANG, L., P. A. MYKLAND, AND Y. AIT-SAHALIA (2005): “A Tale of Two Time Scales: Deter-
mining Integrated Volatility with Noisy High-Frequency Data,” Journal of the American Statistical
Association, 100, 1394-1411.

ZYGMUND, A. (2002): Trigonometric series, vol. 1. Cambridge university press.

25



Appendix A Proofs of Technical Lemmas
A.1 Notation

In this section, we prepare the notation to be used throughout the proofs. Below we will introduce
additional notation that applies only to the corresponding proofs unless otherwise indicated.

Part 1. The probability space (2, F, (F;),P) can be constructed more explicitly. Specifically, we
define X, Z, ¢, and 7 (which satisfy the relevant assumptions) on a space (), Foo, (Ft),P(0)), and
define {x;} and {&;} on a different space (1, F(1), P(1)). We then set Q2 = Q) xQ1), F = Foc®@F (1),
and P(dw(g), dw(1y) = P(g) (dw(0))P1)(dw(1))-

For any x = (21, 22,...,24) € RY, we set 2; = 0 for any j > ¢+1 and denote HwH%q,) =3 i1 x?,
21,1y = 2o52q 41 5l |2l = llzll1,0), and 1T-2 = 3772 | ;. For an integer i and a random variable

x, we denote the i-th cumulant of x by Cum,(x). Let M, denote the set of all d x d matrices. For any
m and h, let Om,Dﬁn,FfR,Hm € M, be defined by (L,,)ij = 6.5, (Om)ij = 1/%“ sin n’ﬁl, (]D)Zz)ij =
(5,#(2 - (5}%0) COS %, and (an)w = ﬂ{h:\ifﬂ} - ﬂ{h:i+j} - l{h:2m+27(i+j)}- We also introduce
I, Op, DI F! € M,,,. (instead of M,,) with similar entries. We let ng = |n"/8], Jy = |np/ng) — 1

and n/; = ny — ngJy. For any m, we define

Dm = Z ’Yh]D)qu Vm = O'QAnI[m + (2Hm - ]D)}n)Dma Qm - OmeOm7 QD,n - (]IJd ® Qnd) @ Qn:i
h=0
(A1)

Here the dependence of (Dy,, Vi, Qm, Qp.n) on (02,7, A,,) is omitted.

Part 2. We use A'A to denote Ay, — Ay, , when A is a continuous-time stochastic process
and to denote A; — A;_1 when A is a discrete-time stochastic process. Further, for j > 1, we
introduce t(j); = t(j_1)n,4i- When A is a continuous-time process, we let Ac(j) = At(]’—l)nd7 Acy =
P Ac(j)]l{t(j_l)ndﬁktjnd}’ and A(j); = At iy When Ais a discrete-time process, we let
A(j)i = A(j—1)ny+i- In both cases, A(j) can be regarded as a discrete-time process. We further let
ec(f)i = €(j—1)ng4i for i > 1 and ec(j); := &(j); for i < 1, where {&(j); : i < 0,7 > 1} is a set of
standard normal random variables that are independent across (i,7) and with everything else. We
define for all 4 > 1,

U ()i = ne () ™0™ (B)ec (4):,

and write U () :== (U ()1, .-, U (j)n,)T-
Part 3. For (m =ng,1 < j < Jy) or (m=n/},j = Jg+ 1), we define QU (j) € M,, by

QG = P mG)m@Rs + n)inG)r-1kl?,
=018 1) = 10 (GRs] )

Using QU (), we define QU = (@fil v (j)) &Y, (Ja+1). For any n, let OF, 07, 0, 01" € My,
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be defined by
t;
OF)y=d; [ olds, (@)y=dy; 3 (AX2, Q¥F—a¥iof ol —eiiql
ti—1 ti—1<s<t;
Then, for j > 1 we introduce an oo-dimensional vector vc(j) = (Yo(j)k)k>0 with vo(j)r =

(L(”))Qn%(j)/ién), and a scalar (o (j) = Y 3= _ ., V¢ (j)k- Finally, we introduce

ngc(]) - Ond (Q]Ind - ]D)’:rlld)Dnd(’yC(j))Ond7

where D,,, is defined in (A.1), whose dependence on y¢(j) is made explicit.
Part 4. We introduce shorthand notation £(A) = —1 logdet Qp ,, — %tr(QB?nA) and let

1 1 _
Lan = —5logdet 2, — §tr(9;1YnYJ), Lpn=LY,Y]T), L,=L(Q)),

where we omit the argument (02,7) of (,,2p.n) and (Lan, Lpn, Ly, ). Finally, we define

- m X Cr, ™A,
L* 2 _ _TLT 1 .2 An f( s VT ) n
n(0%7) = -~ _W( og f(A 07,7, An) + Fv 0%y A

1 s
20 2 _ il .42
(%) =exp (5 [ log f o, A)d).

—T

)d)\,

Part 5. With any given n, (0,7), and ¢, we define
Ry(0%,7) = |0 = Cr| + Sup 1F(57) = Fs ™),
Ra(9) = Ru(37(0),9(0)),  R™(a) = Ra(0™(9)*, 7" (9)).

Part 6. We introduce a framework to conduct reparameterization. To avoid ambiguity, through-

out the proof we use H,(fQ’ﬂ (q) to refer to the parameter space I, (q) defined in (3.11). We let

(0™ (9)%,7"(q)) = arg min Lk (0%,7).
(027> (g)

We start by introducing a bijection from H%UQ’W) (q) to R4*2 denoted by f,(c2,7). The inverse
functions are denoted by ¢2(3) and ~,,(3). Choices of the functional form of 3,, will only be specified

when necessary and will typically vary across different scenarios. We set 802 = 80%(5) /0B. Let
Bn(Q)a B (q) € RIT2 be defined as

Bo(q) = Ba(@2(0),9n(a)s  B™(q) = Buld™ (@)% 7™ (@),  B™ = Bu(Cr,4™).

Let IIi(q) = {8 = (B0, B, Ber1)T € R*2 : B = B,(0?,7) with (02,) € Hgf’z}m(Q)}- For
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any 6 € Hg( )’ and any Sn € {f(>‘7 Ty T 7An)uLnaLA,n7LD,n7[_/n7If¢w ZnaQnagD,n)Vn}> we let
Sn(B) = Sn(0?,7), with (02, 7) satisfying 8 = 3, (02, ). Furthermore, for 8 € Hg(q) and s € {A, D}
we define Z,,(8), Z5(8), Zsn(B) € R72 and 9Z%(B) € Mgyy2 such that

= = .= ) — 19 T = R 10 *
(‘—‘n(ﬁ)ja‘—‘n(ﬁ)]v‘—‘s,n(ﬁ)J) - _ﬁaiﬁj(l/n(ﬁ)aLn(ﬁ)aLS,n(ﬁ))a Hn(ﬂ)u - naﬁza,@jL (ﬁ)a (A-2)
and we write 7 := —83;(5(71))*1802.

A.2 Proofs of Lemmas

As is typical in the literature, upon using a classical localization procedure (Section 4.4.1 of Jacod
and Protter (2011)) we can strengthen the conditions introduced by Assumptions 1, 2, and 3 as

follows:

Assumption Al. There exist a constant K > 0 and nonnegative functions I' and f, such that the
processes X, pu, o, & €1, n, i, & are bounded by K, and the functions § and 5 satisfy [0(u)| <
I(u) < K and ||6(w)|| < T(u) < K. The ingredients of & and n (not written ezplicitly) also satisfy

the same conditions as above.

Lemma Al. For all integers m and h satisfying 0 < h < m, it holds that D!, = O,,,F O,,, where
Fr € M,, given by
(F2)is = Linefizily — Linmitgy — Lihm2mto—(i0i))- (A.3)

Proof. The lemma can be verified with straightforward algebra. I

Lemma A2. Suppose mAYHY 5 0o for some fized o > 0. Define F2 by (A.3). It holds that for
ve{0,1},

m—+1
V’n:l(oja s AH)D;’LU (7) = Z ph(aja vs An, U)]D)ﬁn
h=0
m+1
and Qo2 v, A)OmD Y (V)0 = Z pn(02, 7y, A, v)FR.

Here pp (0,7, Ay) satisfies that, for all sequences of parameters {(o2,v,) € H%Uzﬁ)(qn) :n > 1} and
all {qn}, (i) under A x%(02, Y, Ay) — o0 and for v € {0,1},

11—z 1 1
2v 2 — n *\|h| *\|h|,,—2 —-1/2 7
20 A 0) = n s ()M O ()M 108(AL ) £ 15 A s ) ()
2v 2 _ 2 _ 1= z)° #\h
Cn (Ph(ana’YnaAmU) ph+1(0n>’7naAn7U)) - O_QA (1+Z*)(Zn)
/1 1 _
+O<A711/2Xn1<72/\ th )+((Z )h 2(A1/2 110g(A 1/2 Xn)+h ))7 (A5)
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CZU (2ph+1<ar2u Tns Ana U) - ph+2<a727,7 Tns Ana U) - ph(grzL7 Tns Ana U))

3
:_UQ(Aln(l:—)z;;)( 2" +O(h2 7 + (2 W) Ayt log(A, 1/2Xn))> (A.6)

where (2%,(2,x2) does not depend on h and is given by

1/2 00
. onAy _
G=l- et oA =) it Xe =00 s An);
n JrA—
and (i) under A %% (02, vn, Ay) < K,
ph(afb,%,An,O) = O(h_gAgl). (A.7)

Proof. Step 1. (Main proof) Given the expression of V,-1Dv that of Q.10,,D;.*O,, directly follows
by applying Lemma A1l. Hence it suffices to analyze leDm”. First, for all z € C with z # 0, we
define

V(z0%,7,80) = 0*An + (2— 2 — 27 f(2;7), with  f(z9) = > 2. (A.8)
j=—o00
We also define
o (02,7, Ay, v) = 1/Tr edX (A.9)
PR S ) = o | V(e 02,4, A fo(27) .

In the remaining steps, we prove a key property whereby py, (02,7, A,) satisfies (A.4), (A.5), (A.6),
and (A.7) (of course, we will replace pj, with p;, in those two equations) for all {(c2,v,) € Hg{ﬁ’v) (gn) :
n > 1}. Now we demonstrate that this property directly leads to what this lemma claims. In view
of (A.8) and the definitions of Vj,, and D", we have

Vin(0%, %, An) i D (1) =V (611#1;02,% An) f (eﬁ"%; 7) , V1<j<m.
Because V;, (02,7, A,) and D,,(7) are diagonal by construction, we have

03,
v (eﬂ"%; o7, An) fo (eﬁ”%;’y)

(Vi (0%, 7: An) D5 ()i =

Moreover, since we have (D%,); ; = 6; j(2— 6p,0) cos
pn(o?, v, Ay) that satisfies

+1, we only need to show that there exists some

that (A.4), (A.5), (A.6), and (A.7) for all {(02, ) € I"(q,) 1 n > 1} is true, (A.10)
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and that
m—+1

th 777 )COS hjﬂ- : (All)

m+1

1
(55107, 80) 1 (675512)

We now prove this is true. Using the definition of p, (02,7, Ay, v) from (A.9), we can write

L hjm
. g . i = p ,,-)/7 " 2_6h’0 cos
% (eﬂﬁ;(ﬂ’%An) fv (ennfﬂ;,y) Z h )( ) m1
= _IZ)O(J » Vs An, U)
+2 Z Z ph'i‘?k(m-i-l) (027 v, Ana U) Ccos
m+1

h=0 k=0
(i hjm

+2 Z me+1—h+(2k+l)(m+1)( y Vs Ay, )Cos mrl
h=1 k=0

Here the last equality comes from basic properties of sine and cosine functions. This indicates that
(A.11) indeed holds with {p;}}* given by

Mg

PO(U2,%AmU) = p0+2zp2k(m+1)7 ,0m+1(02,7,An, )
k=1

P2k+1)(ms1)s  (A12)

e
I

0

<C

pr(0%, 7, Ap,v) = Z Phtok(mt1) T Prmtl—ht@kt1)(men)), V1 <h <m. (A.13)

k=0
Here we omit the argument (02,7, An,v) of p,. Suppose p, (02,7, An,v) satisfies (A.10). Then,
given that mAY*T = oo for a fixed a > 0, we have that {pn}7 defined by (A.12) and (A.13) also
satisfies (A.10), which proves the current lemma. Now we move forward to show that p, (02,7, Ay, v)
indeed satisfies (A.10).
Step 2. (Characterization of p) In this step, we connect the behavior of p with properties of V
using the definition (A.9). We start with a decomposition. We write that for all p > 1,

V(20,7 An) = V(202 3(p,7), An) + V(2:0,3(=p,7), An),

where ¥(p,y) and 7(—p,y) are shorthand notation defined by 7(p,v) = (70,71, -7, 0,...,0)T and
¥(=p,v) = v —7(p,7y). In other words, 7(p,) represents the first p + 1 components of v, while
¥(—p,~y) captures the remaining ones. The decomposition directly comes from the fact that V is

linear in . In the rest of the proof, for notational simplicity, we write
V(2 8n) = V(2:0%,7,An), V(z80,p) = V(z;0%,7(p,7), An),

V(z; Ap, —p) = V(2;0%,7(=p,7),An), and  f(z;p) = f(z:7(p,7))-
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We can now write that for all |z| =1,

_ _ Z Any —Pn J

For a positive sequence py, let {p,(An, pn,v) 152 and {p,(An, —pn) 132 be the Fourier coeffi-

. . 1 % ;An,_ n ]
cients of, respectively, Ve A ) and Z;’il (—7]5’(22;Amp’;))) :

—nh)\

51 (D, Py 0 / d), A5

PulBepue) = 50 | 0N A p) () (A15)

ph(An *pn) = / —nh)\z pn) j dA. (A'16)

’ en)\ Ampn)
In view of (A.9), (A.14), (A.15), and (A.16), we have
ph(02777Anav) = ph(Annpnvv) + Z p](Anapnav)ph—](An7_pn) (A17)
j=—00

Step 3. (Implication of (02,7) € H%UQ’W)) The definition of Hq(fQ’V) indicates

1 2

— <o0° <K, A18

L <ots (A18)
where the first inequality is because 02 = f(0;02,7,A,) and the second is obvious. Given the
positivity of o2, the second inequality in (3.11) requires DOt < K. This further indicates

Wt [0 A7 7 057)]

1 d?
a2 Ay + )d)\Qf(

d
sup —log|o?A, + f(\7)|| <K and  sup
A

= Ml < K. (A.19)

Because of the periodicity of log [02A,, + f();7)|, the first inequality of (A.19) indicates that
suplog[o® Ay + f(X;7)] — inflog [o* A + f(N;7)] < K. (A.20)
A
Using 02 > 0 and 02A,, +4f(—m;7) > 0, both of which come from the first inequality in (3.11), we
conclude 0?A,, + f(—m;~) > 0. This indicates, in view of the fact that logz diverges as x — 0 and

that log |02A,, + f(X\;v)| has a bounded derivative,

inf(o? A0+ f(47)) >0 and  inf(o*A, + f(7)) > %sup(aQAn +Fu)). (A.21)
A
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The two inequalities in (A.21), plus the positivity of o2, indicates that

™
sup f(\;y) < Kir/{f(aQAn +f(Ny) <K 2Ny, + FNy)dA < 02A, + 90 < K,
A -7
where the last inequality comes from the second inequality in (3.11). Furthermore, using (A.21),

straightforward algebra shows that uniformly over —m < A <,

K9 <o®An+ f(N9) < Kx* and )%y < Ky (A.22)
j=1

where x? = x2(02,7,A,). We emphasize that all the Ks involved in the current step are constants
that do not depend on n, and therefore all the bounds here hold uniformly over all {(c2,~,) €
1 (gn) s > 1}

Step 4. (The case A, 'x2 — co: Properties of V(2;A,,p), part 1) Throughout the rest of the
proof, we suppress the subscript ,, of (¢2,7,) whenever possible. In the case of A 1x2 — oo, we
first prove that for each n sufficiently large and p,, satisfying pnA%/ 2x; I < K, there exists a unique

complex number 2 such that

1-K'p P <|2f| <1 and V(25 An,pn) =0. (A.23)

*
n

In other words, asymptotically, z* is the solution of V(z; Ay, p,) = 0, which is closest to the unit

circle in the complex plane. We first show there exists a unique real solution within [1 — K ~!p, 1 1].

We can calculate L . ) J
+ z —Zz
2, V(7 80, pn) = —5= fzipn) = ————f (2 pn). (A.24)

1—2zdz z

Moreover, we have that for n sufficiently large and uniformly over z € (1 — K~'p, 1 1),

Pn Pn
Fzpn) = f(Lipn) =D Iyl x |29 + 277 =21 > K50 — Kp,2 Y lyli® > K'x3. (A.25)
j=1 j=1

Here the first inequality comes from the triangular inequality, the second comes from the fact that
the highest power terms in f(z;p,) are zP» and z P, and the last from the second part of (A.22).

Furthermore, for n sufficiently large and uniformly over z € (1 — K~1p 1 1),

d O el i RS -
| < bl ™ = < Kt Y ol < K (4.26)
j=1 j=1

where once again the first inequality comes from the triangular inequality, the second from the fact

that the highest power terms in f(z;p,) are zP» and z P, and the last from the second part of
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(A.22). Plugging (A.25) and (A.26) back into (A.24), we obtain that

1 d
inf —V(z; A, pn) > K12 A.27
e Tz ( pn) = K7'x (A.27)

In view of V(1; A, pn) = 02A, and 0% € (K1, K), as shown in (A.18), plus applying mean value the-
orem, (A.27) readily leads to the existence and uniqueness of the real solution within [1—K~1p_ 1 1].
Now we show that any 2 that satisfies (A.23) must be real for large n. Suppose we write 2 = |z |el¥n
with ¢ € [0,2m). We prove ¢; = 0 by contradiction. In view of the fact that for all |z| = 1,
V(z; An,pn) > K~1A, > 0 by construction, it suffices to show that ¥ # 0 indicates that |z%| = 1.
The imaginary part of V(z3; A, py) is

Im(V(25; Anspn)) = Ral2y,) + Ro(27,),
where we use the shorthand notation
. 1 1
Ra(z) = =sing (12] = ) Rel(fen)) and Rife) =cosi (2= 2l = 1 ) Il eop)
with ¢ € [0,27) and €' = z/|z|. We notice that uniformly over z € {z : |z| € (1 — K~ !p,; 1, 1)},
Re(f(z,pn)) > K™' and  [Im(f(z,pn))| < (1 —|2]) x [sing|, with € =z/|z2],

which can be shown by the same argument that justifies (A.25) and (A.26). This result, plus the

proximity of |z}| to one by construction, immediately indicates that R, dominates R} asymptotically:

Rp(2)
Ra(2)

sup
zi|zle(1-K~1py1,1)

On the other hand, we obviously have Im(V(z}; A,,pn)) = 0 because V(z)i; Ay, pn) = 0, which
further requires R, (2);) = 0. Therefore ¢} # 0 necessarily indicates |z}| = 1. Contradiction is
established and the fact that 2 is real is proved. Finally, we derive the expression of z;. We write
zr =1+ aA;/2xgl +bA,x, 2 + ... and match the coefficients to let V(z}; Ay, pn) = 0, which gives

the explict expression of z¥, up to O(A}/ 2)(,: F

o AL/2
2i=1- 0 L oAV, (A.28)
Cn
Step 5. (The case A, 1x2 — oo: Properties of V(z; A,,p), part 2) Now we study the properties
of V(z; Ap, p) beyond its closest-to-unit-circle root for the case of A, y2 — oo. Given (A.28) and

noticing that V(z; Ap, pn) = 0 indicates V(271 Ay, pn) = 0, we can introduce 17(23; A, pp) defined
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by
1 -
(z—2z) < - z;;> V(z; An,pn) = V(25 Ap, pn), (A.29)

where z can be any nonzero complex number. In other words, 17(27; A, pp) can be understood as
capturing the roots of V(z; Ay, p,) other than z} and 1/z%. We now analyze its properties; again,
pnA}L/ 2 n I < K. We first claim that uniformly over —m < X\ < 7,

(eﬁ/\ - Z;kz)(e_ﬁ)\ — %n) <K and K! Vie - i B, Pn)

K 1<
~ ApxnZ+1—cosA - A + x2(1 —cos \)

<K, (A.30)

where the first result is obvious for the expression of 2} from (A.28), while the second result can be
easily verified using the first part of (A.22). Combined with the construction of 17(2, Ay, pp) from
(A.29), we obtain that uniformly over —m < A <,

K2 < V(e An,pn) < Kxi. (A.31)

In other words, 9(61.1 ) is uniformly of the same order of x2. Now we bound the derivatives of V( ).
We can write
V(€™ An,pn) = h(X; 02,7, An) + (27) 7 F(€7 ),

GQAn—(1—z*)2(z*)—1f(e“;pn)
(1—2*)2+(2—2cos A\)z*

the second part of (A.22), whereby the first- and second-order derivatives of f(A;~) are bounded by

. Because

where we introduce the shorthand notation h(\;02,v,A,) =

Kx?2, plus the fact that |(z)~!| is bounded because of (A.28), it obviously holds that uniformly over
—r <A<,

~ . 2 ~ .
'j)\V(en/\) SKfo and d—V(ew‘) SKxi, (A.32)

d\?

as long as we show that uniformly over —m < A < 7,

2

‘hxa,% D<Kl and |Lnxo? A0

¥ < Kx2. (A.33)

We first explicitly calculate these two derivatives of h. Some algebra can show that

%h(x 02,7, An) (A.34)
—(1 = 2)*(z) "

(1—25)24(2—2cos Nz dX
(0 An = (1= 2)%(z1) " f (€™ pn))

Lt pn)

d 1
dA(1—22)2 + (2 — 2cos M)z,

n

(A.35)

and
2

ah(Xio®7,An) (A.36)
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—1-m2E) &

(1 2)2 +(2-2co&nz*dx2f( i)

2(1 *\2/ x\—1 d 1 d i\,

20026 (e s s ) )
d? 1

(0% An = (1= 23)% ()" f (€ pn)) (A.37)

A2 (1—25)2 + (2—2cos \)z
Using the expression of z* from (A.28), we have that uniformly over —7 < A <,

d 1
AN (1—25)2+ (2 — 2cos \)z

<K il
T (Apxn® +2—2cos\)?

n n

(1—2)2+(2—2cos\)zs

‘ (1= 2p)%(zn) "

x|

and

1 A2
—5 - 5 1 K — - 3
(Apxn+2—2cos\) (Apxn“+2—2cos )

) !
dX? (1 —2%)2 + (2 — 2cos N)z)

Plugging these bounds back into the expressions of the derivatives of h(\; 02,7, A,) provided by
(A.35) and (A.37), plus the fact that the first- and second-order derivatives of f(e!*;p,) are bounded
by Kx2, as indicated by the second part of (A.22), plus the magnitude of (1 — z¥) and (z)~!

indicated by the expression of z from (A.28), we obtain

70 = (1= 2)%(z) ()

—h(\ 02,7, <K\’+K

’ 7,7 n)| < Kx (Apxn? +2—2cos \)2

and
‘ : h(X 027, An)| < Kxi + KAnx;,? Al L (e pn)
d)\Q ) = n nAn (AHX;2+2—2COS)\)2 d\ s Pn

U2An B (1 B Z:)Q(Z;)_lf(eﬁk;pn)
(Apxn? +2—2cos \)?
(2080 = (1= 2)*(z) " (e pn) '
(AnX;Q +2—2cos\)3 .

+K

These two results indicate that to prove (A.33), it is sufficient to show that uniformly over —7 <
A<,

d ,
S FE )| <2 (A38)

0280 = (1= 2)2(z0) " F (s pn)| € KARE + A ?) and |-

The second part of (A.38) comes from the fact that f(e'*;p,) is a differentiable even function, so
%f(l;pn) = 0 and the fact that j—;f(eﬁ/\;pn)’ < Kx?2 uniformly over —m < \ < 7 is indicated by
the second part of (A.22). Now we show the first part of (A.38). We recall that the definition of 2
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requires that
oAy — (L= 2)%(z3) " f (23 00) = 0.

This indicates that

0*An = (L= 23)2(20) " f (€)= —(1 = 25)2(2) "1 (f (€25 pn) = f (255 00))- (A.39)

2

In view of (1 — 2%)? < KA,x,? from the expression of z* given by (A.28), plus the traingular

inequality, the first part of (A.38) will then come from (A.39) because uniformly over —m < A <,

Pn
[£(epn) = F(Lpn)| < KXY 5%] < KXX2, (A.40)
7j=1
Pn ) ) [e'e]
[F(z5p0) = F(Lpa)| < KDY lI2 = (25) = (23) 77 S KA, Y 3%hil < KAnx,, . (A4
=1 =1

The first inequality in (A.40) is obvious from the definition of f(z;p,) given in Step 2, while the
second arises from the second part of (A.22). On the other hand, the first inequality in (A.41) is

also obvious from the definition of f(z;p,), the second is from the definition of 2, and the last is

once again from the second part of (A.22).
Step 6. (The case of A !'x2 — oo: Properties of V(z; A, —p)) Now we study the properties of
V(z; Ay, —p) for the case of A 1x2 — co. We notice that
1 o2 A, f(z=p)
V(A —p) _ 2=z=2")f(z-p) _ fz-p) " D)
V(z;An,p)  0*Ap+(2—z—2Yf(zip)  flzip) A+ (2—z—2"Y)f(zip)

Therefore, we have

V(e An, —p)

Sup V(eIIA An, D)

‘ < Kx,? sup f(e; —p) < Kp2, (A.42)

where the last inequality comes from the second part of (A.22). Further, using the second part of

(A.22) and with direct calculations, we obtain that uniformly over —7 < A <,

dv(et: A, p av(et; A, —p _ _
M Anp)| < gz, | Jcmeontepp, (a4
dA dA
dQV(eﬁ)‘;Amp) 2 dQV(eﬁ/\§Ana—P) 212 1 2
_ < < n ). .
peml] <k and e S KA Y ()
On the other hand, we can caluculate
iV(e“A An,=p) V(e An, —p) d 1 d

= — . — V(e A, p) +

i\, o
dx V(e Ay, p) V(e Ay, p)? dA —V(e" A, —p)  (A4D)

V(e Ay, p) dA
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and

ﬁv(eﬁ)\; Ap,—p) _ _V(eﬁ)\§ Ap, —p) dQV(eﬁ)\; An,p)
dX2 V(N Ay p) V(e A, p)2 dx?
B 2 dV(e; Ay, p) dV (P Ay, —p)
V(etr; Ay, p)? d\ d\
1 dZV(e‘D"A —p)
. = A4
TV A p) dA? (4.46)
Plugging (A.30) (A.42), (A.43), and (A.44) back into (A.45) and (A.46), we obtain
d V(e A, —p) D
— " < Kp A47
P e R e (447
and .
‘dQV(e”;An,—p)‘ g PN APp~t + X%p~2 (A.48)
d\? V(eﬁ)\; Anap) AnX'EQ + A2 (AnXEQ + )\2)2 . .

Step 7. (The case of A, 'x2 < K: Properties of V(z;A,)) Now we study the properties of
V(z; A,) for the case of A, 1x2 < K. We observe that uniformly over —m < \ < 7,

KA, <V(E A, < KA,

Indeed, the first inequality comes from the definition of H%JZ’W) specified by (3.11). The second
inequality comes from

V(e Ay) < oA+ K| f (7)) < KA, (A.49)

in which the first inequality is obvious, given the definition of V(e!*; A,,), and the second comes from

(A.18), the first part of (A.22), and A, 1x2 < K. Using the second part of (A.22), we obtain, under

the case of A 1 XTQZ < K and uniformly over —m < A < 7,
df (A;7)

A <KATL’ T SKATU
sl < KA, | T

2 f(X;7)
— U< KA,
d2\ -

These bounds immediately give that uniformly over —m < A < 7,

dV(e; Ay) df (\;7)
— V< . — T < A
‘ 7 _K’f()\,’Y)\—FK‘ | S KA, (A.50)
and
2V (e Ay) df (A7) d2f(X;7)
—~ T < . < . .
e _K|f()\,7)|+K‘ 5\ '+K 2 ‘_KAn (A.51)

Step 8. (Properties of p) In this step we show that p satisfies (A.10). We start with the case of
A2 — co. We first understand that pj, (A, pr) and pj, (A, —p,) are defined by (A.15) and (A.16).
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We start by introducing {pj,(An, pn,v)}72 _ . as the Fourier coefficients of 5 (eM;An,pln)fv ek

1 (7 o—ihA
on(Ap, P, v) = / — - dM. A.52

h( ) 21 Jx V(en/\;Ampn)fv(en/\;,y) ( )
Using the properties of 17(2'; A, pn) specified by (A.31) and (A.32), plus the properties of f(el*;v)
provided by (A.22) and (A.18) (notice that f(e!*;+) here is the same as f(\;v) in (A.22) and (A.18),
as we slightly abuse the notation), we obtain for pnA;/ 2)(; <K,

e
AN* V(e A, pp) fU (€2 7)

sup < Kx, 27

—m<A<m

Let us emphasize that in view of the previous steps, obviously this result holds uniformly over
{(c2,v,) € H%UQW) (gn) : m > 1}; so do all of the relevant results throughout the proof. We omit
mentioning this afterward. According to the well-known results on how the smoothness of a function
affects the order of magnitude of its Fourier coefficients (see, e.g., the proof of Theorem I1.4.7 on
Page 46 of Zygmund (2002)), we have, for pnA}L/ngl <K,

n (D, P, v)| < Kx; 2 2072 (A.53)
Further, we notice that from (A.29) and (A.52) we have

— S y 1 (1—2z5)2
P; AnapTH V)= Pj Anapna % engO = = = R A.54
j:zzoo ]( ) j;oo j( ) V(l;An7pn)fv(177) 0—2A”CELU ( )

On the other hand, in view of the decomposition of V(e!*; A,,, p,,) using )7(,2, Ay, pn) and the definition

1
e An,pn) fY(€257)

of p,(An, pn,v) given in (A.15) as the coefficients of the Laurent expansion of W we

can write
1 - .
5 - - % |7 =hl
ph(AnvaL?v) - 1— (2’7);)2 ]ZOO p](AnapTL?U)(Zn) / . (A55)
Therefore, using (A.53) and (A.54), plus the expression z* from (A.28) and the bound on ¢? from

(A.18), we can write

. (L—25)2 (z) 1 N N T
P(Bns Pn;v) = PPAG2 1T— ()2 1— ()2 jz_:oopj(An’me)((Zn)l 7=
< K@M\ =2 2 0g(AZ2x,). (A.56)

Now we move to p, (A, —pn). The properties of V(z; A,,, —p) provided by Step 6, including (A.42),
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. an .48), indicate that under p, n— 1,
(A.47), and (A.48), indicate that under p, A, " ?y

/7r >\22< eM Ampl:;)> A\ < K.

Following the proof of Theorem I1.4.7 of Zygmund (2002), plus the definition of p, (A, —p,) given
by (A.16), plus (A.42), this immediately indicates that under p, A, 1/2 Xn — 1,

|ph(Am _pn)‘ < K((AnXJQ) A h72)' (A57)

Now we combine (A.56), (A.57), and (A.17) to obtain

1 1
. 2 .
ph(o- y Vs An,’l)) - ph(A’f“pn’v) + O (szz+2v A hQAnX%’U> )

which, combined with (A.56) again, is exactly (A.4). Now we prove (A.5). In view of (A.54), we can

write

Pn(Baspn,0) = Prya (B puv) = Ty Z i (Dny s 0) (23) " (2 — 1)
2) j=h+1

2 Z p] nvaM ( ) (1_2;‘;)
]7—00

This indicates, using (A.53), the expression of z* from (A.28), and the bound on ¢? from (A.18),
that

v - > (1 B 22)2 * — 1 1
721 (Ph(An,pm v) — Ph+1(An,pn7’U)> = m(zn)h + O(A}z/Qan <X7721 N m))
+O<( ) Xn (A1/2Xn110g(A 1/2 )Jrh_l)).

Provided this result, we can immediately verify (A.5) by observing that

ph(azv v Anv U) - ph—i—l(aQa v Anv U) = ph(Anath U) - ph—l—l(Anapna U)
+ Z (pJ(Anvpnv U) - pj+1(An7pnv v))ph—j(Ana _pn)
j=—00

and using the bound on p, (A, —pn) given by (A.57). We can prove (A.6) in the same way. Indeed,
(A.54) and (A.55) indicate that

2ph+1(An7pn7U) - ph+2(An7pTLav) - ph(Aname)
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o0

_ (1 —Z;;)S (z*)h B 1 _Z:;'(Z*)h Z fﬁ(A D U)((Z*)ijhfl _ 1)

o?Ap(142x)" " 142" e j\2n, Pn, n
1 =20 ey 1-h_ 2

- Anspas0) (( -1)
1 + 2 (Zn) ph-i-l( n>Pn U) (Zn) 2 —1
11—z i ;

— @ D BB v) (@) - 1),

+ z;,

j=—00

Using (A.53), the expression of 2 from (A.28), and the bound on ¢ from (A.18), we obtain

CZ,D <2ph+1(An7pTl7 U) - ph+2<A'fZ7pn7 ’U) - ph(Anapm U))
(1-z)°

— n *\h *\h —4 —-1/2 —27 -2

Combining this result with the equality

2ph+1(02>7> Ana U) - ph(02a77 Anv U) - ph+1(0277> Anvv)
= 2ph+1(An>pna U) - ph+2(An7pn7’U) - ph(Anvahv)

+ Z (2ph+1(An,pn,v) — ﬁh+2(Anapn7U) - ph(Anapnav))ﬁhfj(An’ _pn)v

j==o0

which comes immediately from (A.17), and the bound on py (A, —py) given by (A.57), we readily
obtain (A.6). We move forward to the case of A 'yx2 < K and prove (A.7). This is relatively
straightforward. Given (A.49), (A.50), and (A.51), it follows that

< KA

sup = n

’d2 1
A

A2 V(e Ay)

Following the proof of Theorem I1.4.7 of Zygmund (2002), we immediately obtain

o (02,7, A 0)1/W‘3_deo S (A.58)
PR O 7 An, _27_[_ . V(eﬁA;An) - h2An : .

Lemma A3. Suppose mAi/2+a — 00 for some fired o > 0. Also suppose (02,7) € HT(fQ’V)(q) with
q fized and & < infy f(\;y) <supy f(A;y) < K. Let (2 = f(0,7). As n — oo, it holds that

1 g 32 -~ _ - - ~2 _
Vn(02777An) = ZQVTL(O-27C :An)OnDn(7)0n7 with ‘0—2 - 0—2‘ + H7 - FYH + ‘C - CQ‘ S n 1/27

and

2,1(0%,(%,0)ij = ba(zy I = 277 = 220 27) 1 O(n™),
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where b, and z, do not depend on © or j and satisfy

1 U2An

bp=——=+0(), z,=1- +0(nh.
NI (1) c (n™)

Proof. The desired results follow from a simplified version of the proof of Lemma A2. Concretely,
the fact that ¢ is finite allows us to solve explicitly the ¢ + 1 zeros of V(z;02,7,A,), up to O(n™1).
Hence, we directly obtain the first result using steps 1, 3, and 4 of the proof of A2. The second result
follows by also applying Lemma Al. I

Lemma A4. Suppose mA}«/%a — 00 for some fized o > 0. Let (2 = f(0;v). Omitting
the argument (02,7,A,) of Vi and Dy, it holds that, for all (c2,7) € H7(102’7)(qn) satisfying
supy f(X;y) ~ infy f(A;7) and Aty — oo,

(i) Forj € {1,2,3,4},

)\jm

—; . 1
W+O(mAn]+l/2), with /\125, /\221, )\3:77 )\4:7_

tr(V;,7) =

(ii) For 0 <1i,j < qn, and v € {0,1},

1 (V_18Vm<v_15Vm)”) 1 ’T6logf(>\;7)(810gf(k;7)>”dk+0(1).

7t7f~ —_
m- \" 0y v; 2 ) Ov 9v;

Proof. The current lemma follows from straightforward algebra using Lemma A2. |

Lemma A5. Suppose Assumptions 1 - J hold. For all sequences {q,} and under L(”)Aﬁl/Q — 00, it
holds that for all 0 < j < gy,

n n n n n Af’t/4Qn n
0 (@)? = Cr| S K[V /G2 Y Plan); =27 S ( oy 1) V™l -

Proof. Step 1. (Characterization of o™ (g,)? — Cr) Throughout the proof, we omit writing the sub-
script 5, of g,. The inequality obviously holds, by the definition of Hﬁ{’?”) (q), if ||y™ (gn)/ (L2 >

%. The subsequence argument indicates that we only need to consider the case in which
|| 17(qn)/(¢(n))2 = 0(1). The definitions of H%OQ’V)(q) and of (¢(™(q)%,7(™(¢)) and Assumption 4
indicate that % =0,V0<j<gqgand g% = 0. Now we solve these first-order conditions explicitly.
J

From the definition of L% (o2,7), we have that for 0 < j < g,

T % 2 ™ . (TL) _ .2
_iaLn(O’ 7’7) _ ﬁ f()\a CT77 7An) f(>\70' 7’)/7An) d)\, (A59)
nr  Oo? 2 J_. 12N 02,9, Ay)
2 1 af’:z(o-za’Y) _ 1 " f()‘aCT”y(n)aAn) - f()\§02»% An) .
et = /7r A (2 — 2.cos A) cos JAIXA.60)
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Substituting the definition of f back into (A.59) and (A.60), we can write that for 0 < j < g,

2 9L%(0%,7) - (4

Tor 002 c(0®, )11 (Cr — o™ +kZZOC 246V — V)5 (A.61)
2 0L (02, = n

_2 0Ly c(0®,7)j+21(Cr — o™ (q)?) + Z (0% Varjzk () — ). (A.62)

nr 3%‘ =

Here we use the shorthand notation

1" A;
5 n
_ 1 X
C(U 77)171 27T - fQ()\, 0'2777 An) ,

1 [T Ap(2—2cosA)(2—6j0)cosjA
9 _ 2 _ n J»
C(U 77)j+2,1 - C(O’ ’7)172+j B % o f2()"0-27’77A ) “»

(0%, 7),; _ 1 T (2—2cos\)2(2 — dj0) cos jA(2 — Ok0) cos kA
IR T o ), F2(x 02,7, Ay)

dA.

Recall that equations (A.61) and (A.62), evaluated at (02,7) = (6™ (¢)2,7(™(q)) are the first-order
conditions we are solving. In view of the form of (A.61) and (A.62), plus the fact that v (g); = 0
for j > g+ 1, we introduce a (g 4+ 2)-dimensional vector A defined as the first ¢ + 2 components of

(Cr — o™ (), 4™ — 4 (q)). We can write the first-order conditions in a compact form:

q+2

ZCJkAk+ Z CJk’Yk 2*0

k=g+3

for all 1 < j < ¢+ 2. Here we omit the argument (o™ (q)2,~7( (q)) of ¢ for cleaner exposition. This
system of ¢+ 2 equations can be regarded as a matrix equation satisfied by vector A. Indeed, we can
write CA+ B = 0, where C' is a (¢ + 2) x (¢ + 2) matrix and B is a (¢ + 2)-dimensional vector and
their entries are given by C;x = c(0™(¢)%,7™(¢));x, and B; = D kgt c(o™ (q)z,v(")(q))j,k’yé@z.
We can invert the equation C'A+ B = 0 and obtain an explicit characterization of (¢(™ (¢)2, (™ (q)):

q+2 q+2
o™ (q)* — Cr = Z(C’*l)ugBk, 7" (q); — 7]('n) = Z(Cil)j—i-Z,k:Bk. (A.63)
k=1 k=1

We note that here we have only solved (o™ (q)2,7(™(q)) partially, because vector B and matrix C
depend on (0™ (q)%,4(™(q)). But the goal here is to show that (™ (q)?> — Cp is small, and such
partial solution turns out to be sufficient.

Step 2. (Behavior of x?) It is clear from (A.63) that we understand the properies of ¢ and C~!
to provide a bound on ¢(™(g,)? — Cr. Before that, we first understand the behavior of

X" (@) = x2(c™(9)%, 7™ (q), Ay),
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which is technically necessary. We introduce shorthand ’y((g)) to be the (¢ + 1)-dimensional vector
consisting of the first ¢ + 1 components of 7. Because of the properties of (™ specified by
Assumption 4 and the definitions of v and H%UQ’W)((]), we have (Cr, 7((2))) € HngQ"Y) (q¢) . Therefore
the first part of (A.22) indicates that uniformly over —m < A <,

Crin + Fsv) ~ X3 (Cr (e An), (A.64)
In view of the definition of y%(02,7, A,), we conclude that under A2 ) 00,
XA(Cror, An) ~ (1M)2, (A.65)

Because we are considering [|7(™ 1’(q)(b("))*2 = o(1), as we discussed in Step 1, and the fact that
(A.64) and (A.65) jointly indicate f(\;~v™) > K~1(:()2 under A2 5 o0 and uniformly over
—T<A<m, f()\;’Y((Z))) = fy ) =32 4 2%(»") cos A > K~1(4")2 which further gives

. (n) 2—2cos A) S 24 g\
f()‘a CT/.Y 7An) =1+ ( )Z]—Q+1 ’YJ =14+ 0(1)

FsCrall, An) 02 An + (2= 2cos \) f(Ai 7))

Given this result, and in view of the definition of L}(c?,v), we can write Zn;IEZ(CT,y((Z))) =
—log x?(Cr, 'y((g)), A,) —140(1). Since (6™ (¢)2, 4™ (q)) is constructed as the maximizer of L’ over
HgaQ’V)(q), we have

27 Ly (0™ (9)%, 9 (0)) > —log x*(Cr, 70, An) = 1+ o(1). (A.66)

On the other hand, starting from the definition of LY, we can write

2 (n)
— X (CTa Y 7An)
201 L (0™ ()% 7" (9)) < —log (0™ (@)%, 7™ (q), An) — K1 @

X (O'(n)(q)2’,y(n)(q),An)7 (A.67)

where the last step comes from the first inequality in (A.64) and the fact that it holds uniformly over
—m <A < that 0 < (N o™ (q)% 7™ (q), An) < Kx2(0™(g)%,7™(q), Ay), which is indicated by
the first part of (A.22), since we obviously have (¢(™(¢)2, v (q)) € H%UQ’V) (¢). Combining (A.66)

(n)
.1 X2 (™ ()2 /(™) (q),An) 1 X2(CT7’Y<q) An)
and (A.67) indicates that log PCrAlT A + K NIC oI OImw

with (A.66) and (A.67), this indicates that we must have

<1+ o(1). Combined

(92,9 (9), An) ~ X3 (Cr vl An). (A.68)

Step 3. (Properties of ¢) In this step we analyze the properies of ¢. We first express ¢ in terms

. . . . . . 1 o %) ) ﬂj)\
of Fourier coefficients of various functions. Fourier analysis states that oA = Yoo o piett,
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; 1 T eT9Ad)
with pj = or [ 70577, 80)°
c(0?,7)1,24; and c(02,7)j42 k2. We first show some auxiliary results. We introduce for p € {1,2},

(v:p) 17 e iNd)

This allows us to write c(0?,v)11 = A2 P p] Now we move to

P = o | oom) We can calculate with some algebra that for p € {1, 2},
e’ (v:p)
fp(A,’y (4.69)
/ o dA = i Py’p)piﬂ, (A.70)
f )‘ o? 777 ) fp(A77) jzfoo
1/ . o dx = Z Z PP prpis ek (A.71)
21 J_ 2N 02,7, An) fP(A5) ? ’

j=—00 k=—00

Next, from the definition of f(\; 02,7, A,) we notice that

1/’r (2—2cos)\)c0si)\d)\ 1 " f(he ,’y,A ) — %A, e I\
2m ) f2(N0?%,7, An) 27r A%y An) ()
1 (" (2—2cos A)2 cos jA cos kAd/\ B 1/7T (f(N 02,79, Ap) — 02 A,)? el +eﬁ(i—j))\d)\
P Y e - 2m FA(X 02,7, Ap) 2%(X7) ’
With these two equalities, plus (A.69) - (A.71), we are able to write
c(0® 124 = An(2—d50) ( Z P]% pivk— 0y, Z Z Py )Plpj+k+l)7
k=—o00 k=—o00l=—00
(A iagre = —(2=8;0)2=5;0) (002 + p0D) — 2624, Z + )
) 7V )it2,5+2 2 1,0 Pitj Pi—j o Pl pz+j+l Pi—j+I
l=—00
o0 o ’2
G Y )Pl(Pi+j+k+l+Pifj+kz+l)>-
k=—o00l=—00

At this stage, it is quite clear that in order to bound ¢, we only need to control the behavior of p

(v.p )( ). Scrutiny of the proof

and p(%p). To emphasize the dependence, we write pj (02,7, A,) and s
of Lemma A2 reveals that pp, (02,7, A,) is exactly p, (02,7, A,) defined in (A.9). Therefore, we have
under {(02,7,) € H%UQ’W)(q) :n > 1} and AL X2 (02,9, An) — 00, pr(02, v, A,) satisfies (A.4). Tt
is worth pointing out that pp here and pp, in Lemma A2 are not exactly the same, but are very close
and both satisfy (A.4). See the ending part of step 1 of the proof of Lemma A2 for details. On the
other hand, from the construction of H%UZW) (q), we know under {(c2,7,) € H%UQ’W) (@) :n > 1} and
A2 (02, v, Ay) — 0o that uniformly over —7 < A < 7,

)
K50 < fin) S ExG and > B2|(ya)al < Kxi, with x5 = x3(07, Y, An),

h=0

where both results come from (A.18) and (A.22). An immediate result is that under the same

44



condition and for p € {1,2}, we can control the order of magnitude of the Fourier coefficients
F7P(A\; ) (see, e.g., the proof of Theorem I1.4.7 of Zygmund (2002)), i.e. pg:’ 2 (vn) as

ST+ D)2 ()| < K. (A.72)
h=0

Given the bounds on pp, (02, v,, Ay) and p,(?’p) (), plus + < 02 < K as indicated by (A. 18) some
algebra leads to the following technical results, again under the condition {(c2,~,) € H% )(q) :
n > 1} and A2 (02, vn, Ay) — o0 and for p € {1,2},

PlPi+1 ~ A%/an An X% lQAn )

=00
1 _ 1/2 ,1 A 1/ X
Z ‘p(”/p)pzﬂ < T( li| Ax +Tn 1)’
j==00 Ay xn
SRS 1/2
1 s 1/2 -1 A X
p Z Z |pl(€%P)PlPi+k+l| S Sn ( N +THA1>,
k=—o00l=—00 An n

where X2 = x?(02,Vn, A,). Therefore, using the previous expressions of ¢ in terms of p and prP),
plus that A-1x% (0™ (q)%,7™(q), A,) — oo as required by (A.68) and ARV 0o, we are able

to write

N

(@™ (@AM (@))1a] S AV

/2 1/2
(L(n))2|C(U(n)(Q)2,’Y(H)(Q))l,2+j‘ S A(L)B,MA}L/Q(L(M)—l 1 An
L\ i

N e(0™ (@)% 7D (@)irzge2l S 1007 + o0

AN a2 AL
o (et ad PNy limag AT (4 1)

, (A.73)

Step 4. (Properties of C~1: Special case) Now we invert matrix C. We define a (¢ +2) x (¢ + 2)

matrix C(o2,v) whose entries are
C(o?,7)ij =c(0®7)ij, 1<i,j<q+2. (A.75)

Obviously, the matrix C' appearing in (A.63) is just C(c(™(¢)2, 7™ (q)). We note that by definition
(c™(q)%,~™(q)) € H%UQ’A')(q). Also, we have A;lmx(a(")(q)z,v(")(q),An) — 00, as indicated
by (A.68) and A2 5 oo, Tt is hence more than enough to calculate C~1(02,7,) for all
{(02,7) € H%UQ’W)(q) :n > 1} satisfying Aﬁlﬂxn — o0, where we recall that x2 = x2(02, vn, Ay).
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The current step considers this problem under the following restriction:
(Yn)j =0foralln >1 and j > A2y, ] + 1. (A.76)

The next step will show that restriction (A.76) is innocuous. To be able to invert C', an co-dimensional
matrix, we introduce a reparameterization scheme. Concretely, with a scalar z and a (¢ + 1)-
dimensional vector ¢, we define f(\;¢) = ?:0(2 —3;0)¢; cos i and f(\;z,0) = [1— 22 f(A; 9).
We connect the parameterization (z, ¢) to (02,,), which belongs to H%UQW) (¢), by requiring

z=2(on,m) =2, and ¢ = ¢(0n, 1) = Pu(Bu, [T X)), (A.77)

where 2 is defined in (A.23), with the argument p, in V(z}; Ay, pn) set as (A;lﬂxﬂ, and py, is
defined by (A.52), both appearing in the proof of Lemma A2. Because p, satisfies p,, < KA;lﬂxn,
plus (02,7,) € H%"Q’” (¢) and A, 1/ zxn — 00, the results obtained in step 4 and step 5 of the proof
of Lemma A2 hold. Of these, we use the expression z} provided by (A.28) and the properties of Y
given by (A.31) and (A.32). Because (v,); = 0 for all j > p, as required by (A.76), we have, as

made obvious by step 2 of the proof of Lemma A2 and the definition of (z, ¢) given in (A.77), that

FXz,0) = F(N 07,79, An). (A.78)
We define C(z, ¢) as a (¢4 2) x (¢ + 2) matrix given by

1 [T (Dlog f(X;2,¢)\T Olog f(N; 2, 9)
ceo =5 [ ( 00z 9) ) od) (A.79)

2

—T

We further partition matrix C'(z, ¢) into four submatrices:

CZZ CZ
C(z, ¢) = ( G, C¢Z ) . (A.80)

Here we require C,, to be a scalar. Such partition leads to uniquely defined submatrices. We can

write, for all 0 < 4,5 < g,

1 (™ (Olog|l — zeP 2\’ 2
o(z,¢)11 o / ( 5, 2

—Tr

1 [T dlog|l — ze*? 01 A;
c(z,0)1,j42 = 277/_ o8| 5, e ng){b(j ¢)dA,
o _ 1 [T Olog f(A;¢) Dlog f(N;¢) . 1 [T (2—6ip)cosiA (2 —djp)cosjA
i = an | T os 0g Tl e fve)

Because of f(\;¢) = 9(6”; A,,q) as indicated by (A.77) and the properties of V given by (A.31)
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and(A.32), we have

*f(\; ¢)

K122 < f(\: o) < K2 d

n

‘ < Kx2. (A.81)

Therefore, in view of the expression of z provided by (A.28), all the entries of C' can be rewritten,

forall 0 <1i,5 <gq, as '
Coo = =2y (Coliit = o+ 0(x?) (A.82)
2z — 1 —2’2’ z¢p)j+1 — f(O, (b) o\ Xn ) .

dA. (A.83)

1 [T (2—4ip)cosi (2 — ;) cos jA
Conrrsm =5z | S e

We introduce an auxiliary (¢ + 1) x (¢ + 1) matrix 5¢¢:
~ 1 [
(Copg)it1,j+1 = o / F2(\; ¢) cosiA cos jAdA. (A.84)

In view of the expressions of Cyy provided by (A.83), we have

q e e =\ /
S [ (N e) cosiredA _COSIN_ ik g1

. )
ol =St 32 [ L PV:9)

k=—q

It is straighforward to calculate, using the orthogonality of complex exponentials, that

2—§; > Q i TocosjN v
((%)2’“) 3 | P cosie FAGN _ me BN AN = 5, ;.

k=—o00

On the other hand, according to (A.81) and the proof of Theorem I1.4.7 of Zygmund (2002), we
have for (z, ¢) satisfying (A.77), under {(02,7,) € H;UQ’V)(q) :n > 1} and A;l/zxn — 00, and for
k>qg+1and 0<i<g,

Xt F2(X; ¢) cos i)\eﬁk/\d)\‘ +

4 " —27y. -y kA <
X _Wf (X\; @) cosiAe™ dA| < ek

We hence are able to write C¢¢6¢¢ =1Ig+1 + A, with |4; ;| < K %, which immediately
gives

C(;qsl = C~'¢¢ — C~'¢¢(]Iq+1 + A)ilA. (A.85)
Because of (A.81) and Proposition 4.5.3 in Brockwell and Davis (1991), we have xiCpg ~ I44+1 and
Xn 46¢¢ ~ Ig+1, where ~ is defined based on Loewner partial order. We hence have (I54+1+A)(Iy4+1+

A)T ~ I,41 and therefore ((I;+1 + A)(Ig41 + A)T)~ ~ I,41. This allows us to conclude that

17 Cop(Igs1 + A) 7Y < K,
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where || - || stands for the matrix operator norm. We hence have, by Cauchy-Schwarz inequality,

(. B q 1/2 K./q
Z X0 (Cop(Tgs1 + A) T A) i jya] < K((JZA?HJH) < (q_i_l\CJ)Q (A.86)
i=0 i=0

Because of (A.80), block matrix inversion states that for 0 < ,j < g,

C—l<2’ ¢)1,1 = (sz - Czqﬁc(;d)lCd)z)_l,
CHz gz = —(Caz = CopCy i Coa) " (CapCl) s
Oz dinzgrr = (Og)irt g + (CopCy)it1 (Coz — CopCyy Ca) ™ (CapCig) -

We therefore have obtained all the elements needed for calculation of C~1(z,¢). Indeed, we have
C., and C,, provided by (A.82), and C’(;qsl, provided by (A.85) and (A.86). It is straightforward to
calculate that for (2, $) satisfying (A.77) and under {(c2,7,) € H%Uzﬁ) (@) :m>1} and A;l/zxn —

o0,

Clz 1 = (Coz—CopClyCye) ™' =

2 1/2 —1
CH(z, 01442 = if(0;¢)zf+o<w>7

2224 (g+1—75)2
c! C Gap— Coallrs + A A+ L2 205 gy 1 o B XV
(2, @)ir2j+2 = Cop — Coplgr1 + A) T 55 f7(0;9)2" + (m)

Now we move on to calculate C~1(02,7). In view of the definition of ¢ specified in step 1, we realize
that

dx. (A.87)

—T

m L2 T .2
C(0'277):1/ 810gf()\’0 ’V’A”) 810gf()"0 7’7’An)
2m d(0%,7) d(a?,7)

According to the inverse function theorem, plus the equality f(); z, ¢) = f(A;02, v, Ay) from (A.78)
and the definition of C(z, ¢) specified in (A.79), we have that under the restriction (A.76),

—1/ 2 _8(0721’%) —1(, 8(07217%) T
O adn) = S o) (S8 )

The mapping between (02, 7,) and (2, $) specified in (A.77) indicates that

80’% — 91 0: 80-721 = (2 ) 1 2

g__ ( —Z)f( 7¢)7 %_( B k,O)( —Z) ’
0 n)j ; 9 n)j y j
gzbk)] = 205 — (1= 2)(k = )+, (;z)] =65+ (1=2) ) oulk =)+

k=0

Here and below, we use x4 = max{z,0}. Some algebra yields that under {(c2,v,) € H%UQ’W)(q) no2
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1}, A;lﬂxn — 00, and the restriction (A.76), and for all 0 < j < ¢,

CHo2, )11 = 4421 —2)°£2(0; ) + 24,2 (1 — 2)2qf?(0; ) + o(A V250 + q) (A.88)

O rger = A= 2P P00 (1420 - 2)a - )+ 5(1 - 2a - j)°)
+0 (320 +1)72) +o(x3 + Anla = )?), (A.89)
CNommivajra = (1+0(1)) [% ’ fQ()\Kﬁ) COS i\ cos JAdA
q
#200) (50 = 2 0= )48 =) = o1 =2l
=0
+1 =2 (z+(g—j+ DA —2)(z+ (g —i+ 1)1 - z))ﬂ. (A.90)

Step 5. (Properties of C~': General case) This step shows that the restriction (A.76) is not
needed to obtain (A.88), (A.89), and (A.90), given {(c2,7,) € H(UQ”Y)( ):n > 1} and A_1/2Xn — 00.
Clearly, we only need to consider the case in which ¢ > [A, Y QXTJ otherwise the restiction (A.76)
is automatically satisfied from the definition of H%UQ’V)(Q). Using the fact that M does not

(o?y)
depend on (02,7), we can write
Cloty) = = [ 9log f(A;0%,7(p,7), An) \ T 9log f(X; 02, F(p,7), An)
7 (0, 7) a(aw

o0

[1 + Z ( M)j] "o (A.91)

Here we recall that Y(p,v) = (Y0, 71,7, 0,...,0)T, V(2;An, p), and V(z; Ay, —p) are all intro-

duced in step 2 of the proof of Lemma A2 and we use (A.14). We observe the apparent fact that
iX. 12

without the multiplicative term [1 + Z;‘;l ( _ M)J] , the right-hand side of (A.91) would

V(e An,p)
just be C(02,7(p,v)). We can then conclude, following the proof of Proposition 4.5.3 in Brockwell
and Davis (1991) and using the bound on ‘%’ provided by (A.42), that
(1= Kp~3)C(0®A(p,7) < C(0%,7) < (1 + Ep~)C(a*,3(p. 7)), (A.92)

where < is the Loewner partial order. We let p, = [A, 1/2

Xn|- Then F(pn,yn) satisfies (A.76).
Since A;l/an — o0, we have p, — oo and hence {(¢2,7(pn,Vn)) € H%UQ"Y)(q) :n > 1} and
A2 (02,5 (pn, ), An) — 0o. Therefore, the expressions (A.88), (A.89), and (A.90) in step 4 apply
to C7Y02,5(pn,¥n)). If we further apply (A.92), plus that f(A\;5(Pn,¥n))/f(X;¥n) — 1 uniformly
over A, we have C(02,7)"! = C(0%7(p,7) "' 52 ([C(0%7) — C(0%,7(p,4))]C(02,7) 1) and
direct calculation leads to the fact that (A.88), (A.89), and (A.90) indeed hold, for all parameter
sequences {(02,v,) € H%UQ’W) () : n > 1} satisfying Aﬁl/an — 0.

Step 6. (Bound on (™ (g,,)?—C7r) Given the relation (A.68) and AR 5 00, we immediately
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obtain A-1x2(a(™ (¢)2, 4™ (q), A,) — oo. Also, we have (0™ (¢)2, 4" (q)) € H%UQ’V)(Q) by definition.
Thus, in view of step 5, the relations (A.88), (A.89), and (A.90) apply to C~1(c™ ()2, 7™ (q)) (of
course, now with z = 2(c™(¢)?,7™(q)) and ¢; = ¢;(¢™ (q)?,7™(g))). Using the expression of
given by (A.23) (see explanation after (A.77)), the bound on f(\;¢) provided by (A.81), and the
relation (A.68), we can write for 0 < j < ¢,

CTHM (@2 @)y = AATACYR(0:0) + 2CHa + o A2 + ), (A.93)
CHo (@) A (@12 = ~Crf(0:9) (1 +2(1=2)(g—J) + %(1 —2)%(q - j)2)
+O(()2( + 1)72) + o (1™)? + Anla — j)?), (A.94)
C 0™ (9)% 7™M (@)ix2je2 = (1+0(1)) [% ' f2(>\; ¢) cos i) cos jAdA
1200 (5 =23 ) — 571 =2l
=0

+(1 =) (24 (q—j+ D1 —2)(z+ (q—i+1)(1— z)))]. (A.95)

In view of the bounds on ¢ provided by (A.73), (A.74), and (A.72) and the relation (A.68), we have
forall2<i<g+2and k> g+ 3,

q+2 00 1/2 q+2 00 1/2 A3/4q
— — — — n
Criers+D_1CT einl S )72 G ( Y |CU|2> +Z| N0 leal) ™ 5 oyt
j=2 l=q+3 l=q+3

where C~! and c are evaluated at (c(™(¢)2, 7™ (q)). Subsituting this result back into (A.63) imme-

diately proves the lemma. I

Lemma A6. Suppose Assumptions 1 - 4 hold. For all sequences {q,} and under A;l/QL(”) <K, it
holds that for all 0 < j < gy,

0™ (@n)” = Or| < KAV gy 1 @0)i =27 S (@ + DVl )

Proof. Step 1. (Characterization of 0(™(g,)? — C7) Throughout the proof, we omit writing the
subscript ,, of g,. We set the bijection (5, as

-1

A m Ny
Bul0,7); =5 | FNo% 7, An)eldr, 0<j<q+1. (A.96)

—Tr

In view of (A.96), we have o(™(¢)? = Z?iiqq B (q )|j) and Y™ (q); = —A, S0 ]H(' i—)B™(q);.

The current lemma, therefore, would follow from

18™(g) — B™ | < KA 7™ |- (A.97)
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7o» given Ay, 1/2,(n) < K and Assumption 4. The
subsequence argument indicates that we only need to consider the case in which || l11,() = 0(An).
In view of the definitions of L* (8), 8 (¢), and i (¢), and Assumption 4, we have for all 0 < j < g+1,

Trivially, (A.97) holds under A#H'y(")HL(%) > L

6 T * n o
%an( '(q)) = 0. (A.98)

On the other hand, using (A.96), we obtain that for all 0 < j < ¢+ 1,

2 1  OLy(B)
_ 2= 9P x(B). + B(B), A.99
ny 2 _ 50,j 8,37 (5)] (/B)] ( )
where A(B); = %25(2 - 6k,0)c(ﬁ)j’k(31(€n) — Br) and B(B); = D72 10 QC(ﬁ)j,kB,(C"). Here we use
the shorthand notation ¢(3);5 = i T %dk, where f(X\;8) = 3272 ﬁ‘j‘eﬁj)‘. In view of
(A.99), if we let C(B) be the (¢ + 2) x (¢ + 2) matrix whose entries are C(5);; = c(f);; for all

0 <1i,j < g+ 1, the first-order condition (A.98) can be rewritten as

H(n n 2 =« - n - n n
B =B @; = 55 2O k;;(ﬁ( @)ty (A.100)

Step 2. (Properties of ¢ and C~1) In this step we provide bounds on ¢ and C~!, from which
we would immediately prove the current lemma. We first note the connection between (8 (")(q) and
(c™(q)2,7™(q)) and that (o™ (q)%,~™(q)) € H%UQ"Y)(q). Then according to (A.18) and (A.22),
Assumption 4 and the construction of H7(f2’7)(q), which we recall comes from (3.11), indicate that

under Ay %™ < K and [|y(™) 1,(q) = 0(An), for n large enough and uniformly over A,

EFX @) e (A.101)

FB™(q)) ~ 1 and IV

An immediate result of (A.101) is that, following the proof of Theorem I1.4.7 of Zygmund (2002) ,
the definition of ¢(j3); as Fourier coefficients of f~2(); 3) indicates that

(B (@) k] < K (15— k| +1)7% (A.102)

Now we analyze C~1. We introduce an auxiliary (¢ + 2) x (¢ + 2) matrix C(8):

~ 1 [
C(B)ij = o 2N B)(2 = 6:0)(2 = §j0) cosidcos jAd),  with 0<i,j <q+ 1.
™ —T
If we compare (A.101) with (A.81), we can repeat the derivation of (A.85) and (A.86) and conclude

that 3770 |C(8™(q))] < K for all 0 < i < ¢+ 1 and that

C1(B™(q) = C(B™ () — C(B™ (@) (Tgya + A) ' A, (A.103)
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where the (g + 2) x (¢ + 2) matrix A satisfies S50 [(C(80)(q))(I1 + A) 7' A) 4] < qff) We
then immediately have for all 0 <i < ¢+ 1,

il < K. (A.104)

Applying Holder’s inequality to the expression of ﬁj(m — 8™ (q); provided in (A.100) leads to

q+1 ) —n) q+1 g+1 1/2
S IA 8@ < 208 g 3 S 1C E @il X 8™ @)ial?)
=0 =0 i=0 k=q+2

Therefore, in view of (A.102) and (A.104), we have already proved (A.97), and thereby the current
lemma, by observing that \|B(n)||1,(q+1) = O0(A M Y™l )- 1

Lemma A7. Suppose Assumptions 1 - / hold and ¢, < Kn'/3. It holds that under either n'/2,(™ —

oo or nt/2, M) < K,
TE0(B™ (gn) ~ TEan(8™ () = 0p (0™ 2/ + 1+ 0~V IVil00) (A-105)

Proof. Step 1. (Main proof) We only consider the case in which (M > K1 as the problem gets
harder as noise becomes larger. Intuitively, when noise becomes small enough (A;(:(")? < K),
the data-generating process is the same as that of classic time-series models. In this case, (A.105)

becomes

TTEn (8" (4n) = 1"Ean (8™ (4)) = op(n~71). (A.106)

First, we define €, as the set of all w such that K 1 <nA, <K (it should not be confused with

the matrix €,) and observe that

n—oo

ntng = / ¢ 'ds+op(1) and lim P(Q,) = (A.107)

which are direct results of Lemma 14.1.5 of Jacod and Protter (2011) and Assumption 2. Then we let
the bijection 3, be the identity function. For this choice of 3,, we have do2 = (1, Og+1). Moreover,
we observe that 0=%(8™(q,)) = 2n:"'nC(c(™ (gn), 7™ (gn)), where the matrix C' is introduced in
(A.75) and satisfies (A.87). In particular, (A.93) and (A.94) indicate that in restriction to €, we
have |8§;(B(")(qn))1_&] < Kn'/? and |02% (8™ (qn))f;\ < K for 2 < j < ¢, +2. Therefore, according
o (A.107), for showing (A.106) it is sufficient to prove that

E|lg; (En (8™ (gn)1 — Ean(B™ (gn))1)| = o(n /), (A.108)
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and for each 2 < j < g, + 2,

E|lo; (En(8™ (4n)); — Ean(B™ (4n));)] = o(n=3/4). (A.109)

Now we show (A.108). The same reasoning proves (A.109). Below, we suppress the dependence of
8™ o) and v on ¢,. We can rewrite (A.108) as

log det (2, (8™, (87) ™1 + n~ /414, YnTi(En(ﬁ(”))*l — D (B HY,| = o(n/Y).
961 m OB

=Raq =Ry

E ]lQ/n

(A.110)

We hence only need prove E[R,| = o(n'/*) and E|Ry| = o(n'/*). Observe that B%,IE,L(,B) =

8%19”(6) = A,. Then we can write
Ra = Loy Aptr (S, (™) 1=, (8™) 7Y, Ry = —1a AV, (S (M) 2=, (8™)72)Y,. (A.111)

Here we use log det A = trlog A. The challenge we face is that we do not have an analytical expression

for 31, However, we observe that
>l =0 - O RO O R SR, QY with R (B) = ,(8) — Qu(B). (A.112)

Although in the last term on the right-hand side, ¥ still appears; later we show that we can replace
it with Q! for the purpose of bounding R, and R;. Now we apply (A.112) to (A.111). Introduce

simplifying notation
Ra1 (B) = tx(Q, ' Bn2 1), Raa(B) = tr(Q RuZy B2, ), - R (B) = Y2 R, Yo,
Reo(B) = YIQ 'R, 1R, O2Y,, and Rys(8) = YIQ 'R, Y 2R, 0,1, (A.113)
Here we drop the argument § of Q,, and ¥,,. Then we can rewrite (A.111) as

AR = 1o (= Ra1(B™) + Ra2(B™)), ARy = Loy (2R51 (B™) — 2Rp2(B™) — Ry (B™)).

In view of the triangle inequality, the desired result (A.110) follows from the fact that for all A €
{Rala RaQa Rbh Rb27 Rb?}}? E’A(B(n))’ = 0(n5/4)'
Step 2. (Bounds of ¥) In this step we prove

S ((0™)2,95") < KSa((0™)2,7™). (A.114)

Namely, we bound X,,((¢(™)2, () from below by %, ((¢(™)2, 'y(()n)). For all x = (z1,22,...,%n,)7 €

R" define T = (51,52, ... a%nT—&-l)T € Rrrtl by .%/j =Tj_1— T with zg = Tnp+1 = 0. We deduce
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(A.114) from
2T, ((0)2 4/M)z = (6™)2A, 2] + FT( ™)@ and T )pis ~ 8 Lgr.  (A115)

Here we define F(’V(n))nJrl € My, 41 by (].—‘('Y(n))n+1)ij = %ffﬂ f()\;v("))eﬂ(i_j))‘d)\. I,41 is the
(np+1) x (np + 1) identity matrix. The first claim in (A.115) holds by definition of ¥,,. The second
claim in (A.115) comes from Proposition 4.5.3 in Brockwell and Davis (1991) by applying (A.18) and
(A.22).

Step 3. (Useful estimates) We provide some estimates in this step. We start by introducing some

notation:
A = (0 V) A2y = (9 )iy — (0 )iger,  and  A(3)y = A(2)ij — A(2)ir1,.
We have the following four estimates:

E(lo, A1)} ) < Khn,  E(loy (A()n, — A(D)n,+1)?) < K,
Loy, (2 )1n, | < K, Loy AB)ny i, | < Kn= 2 + KTy, g, <2y

All of the estimates are direct results of Lemma A2. Note A(3);; is a linear combination of four
entries of ,;!. Due to such a combination, for |h, — I,| > 3, the magnitude of A(3), , is reduced
by a factor of n compared with (,,1); j ~ /7.

Step 4. (Bound on Ry (4™)) In this step we show that E[Ry2(3™)| = o(n5/*). We obtain results
in other cases following the same reasoning. Note that >, is positive definite, as it is a covariance
matrix. Then the definition of Rya(/5) given by (A.113) and the Cauchy-Schwarz inequality indicate

that E|Ry2(8™)| = o(n®/*) follows from
E|lo YO R, E R.QY, | = o(nt/?)  and  E|Llg, VIO, 2R, S, R, %Y, | = o(n”*). (A.116)

Here Q,, R, and ¥, are evaluated at 3. Now we show the first claim in (A.116). The second
comes from the same reasoning. In Step 1 we state that we can replace ¥, with Q!. Obviously,
we can do so if ¥, ! < KQ_!. Here < stands for Loewner partial order. Indeed, Corollary 7.7.4
in Horn and Johnson (2013) states that for any two Hermitian matrices A and B, if A < B, then
A=l > B7l. Hence, we only need , < K¥,. On the one hand, we have (A.114). On the other

hand, in view of the definitions of €2,, and V,,, we conclude that
(02,7 ™) S 0,V (0)2, 4500 = 2 (62, 45) = Sa((™)24§™). (A117)

Here the first equality can be verified using Lemma Al. Given (A.114) and (A.117), we have
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Q,((6™)2, 4y < K%, ((6)2,4(). Therefore, the first claim in (A.116) follows from
E[Toy, VIO R R, Yy | = o(n'/Y), (A.118)

with €, R, and X,, evaluated at B(”)
Step 5. (Proof of (A.118)) First, we derive the expression of R,. Using Lemma Al and the
definition of {F" : 0 < h < n} given by (A.3) therein, we write

n
Q(0”,7) = 0* Al + Y w(2F) —Fptt —FR ). (A.119)
h=0
Here F? = 0,,,, for h = —1 by convention. On the other hand, we rewrite ,, defined by (3.7) as
qn
Sn(0?,9) = 0 Aply + > (G - GIH —GLTY). (A.120)
h=0

TS write R, in a more compact form, deﬁneNKZ,]KZ € My, by (KZ)Z] = I{p=itjy — Ynt1=i4j) and
(KM)ij = (KM pt1—int1—j. Obviously, K! + K = G! — Gh+1 —F” + FA+1; hence (A.119) and (A.120)
lead to

gn—1
Ra(B™) = Ea(8™) = Qu(8™) = 3 (0" = 9i) (K + K. (A.121)
h=0

Here 'yénzrl = 0 by convention. Next, we apply (A.121) to (A.118). In view of the symmetry between

K" and K", we can replace R,(3(™) in (A.118) with R,(8") = q"_l(fy}(L") — V,ST_QI)KZ. Then

n’

(A.118) becomes

gn—1qgn—1
IE’]lQ/ ST SO =AM A YT KA TR QL Y = o(n4). (A.122)
h=0 [=0

From the definition of v(™ and applying Holder’s inequality, we only need prove for all n'/3h,, < K
and nl/?’ln < K that
E|lo YT KO K QY| < Kn/ il (A.123)

In view of the notation introduced in Step 3, plus the definition of KZ, we have that

h—11-1 -1
VIO KNQTKL QY = Al A@n—ih—j — AW Y AD);AQ2)11-
i=1 j=1 J=1
h—1
—AL)Y A1) AQR)15-5 + AR AL, 11 (A.124)
=1

We hence deduce (A.123) by applying the Cauchy-Schwarz inequality and the four estimates provided
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in Step 3 to (A.124). n

Lemma A8. Suppose Assumptions 1 - / hold and ¢, < Kn'/3. It holds that under either n*/2,(" —

oo or ni/2,m) <K,
T Zan(8 () = 1 Epn (8 (40)) = op (n™/2/g 140~ /Vil) (A.125)

Proof. All of the contents of the proof of Lemma A7 until (A.111) remain valid if we replace ¥,, with
Qy,, Qp with Qp ,,, and (A.105) with (A.125). Unlike the situation there, we do know the analytical
expressions of both 2! and QBln, as given by Lemma A2. Note that {2p ,, is a block-diagonal matrix

and we apply Lemma A2 to each block. Instead of (A.112), we use
0 =05 -9 RO, and Ry = Qn — Q.

The justification for doing so is the same as the one stated at the end of the proof of Lemma AT7.
Indeed, by definition, R,, here has only nonzero entries near the top-left or right-bottom corners of
the blocks Q2p ,, consists of. According to Lemma A2, (Ql_)ln)” shrinks when either i or j approaches
the borders of those blocks. Moreover, locally R,, also maintains a structure similar to (A.121); See
the comment at the end of the proof of Lemma A7. Hence, we obtain (A.125) following the same
reasoning as in the proof of Lemma A7. Note that we will skip Steps 2 and 4 there, since we know
both Q! and Q. 1

Lemma A9. Suppose Assumptions 1 - J hold. It holds that for all sequences ¢, < Kn'/® and under

either n*/2.(™ — oo or n*/2, ™ < K,

Ln(0%,7) = L3 (0%,7)
Ly (Cr,y™) = Li(02,7) +n

sup =op(1). (A.126)

52
(027N (gn)

Proof. Step 1. (Technical results) We start by defining a family of subsets of H&UQ’A’) (¢) indexed by
a1 and ao:

" (g, a1, a2) = {(02,7) € T (g) s ar < x2(02,7, Ay) < as}.

n n

Obviously, H,(fQ”Y) (q) = H;UZ’V)(q, 0,a) U HS{TQ"Y) (¢, a,00) for all a. In this step we aim to prove that
for all a,, — oo and all K fixed,

I N 2 _ IJ* 2
sup _ A, (O;nv)f}/) _*n(g 77) — OP(I), (A127)
(02,’7)611,(1027“/)(qn,anAn,oo) Ly (Cr,y ™) = L3 (0%,7) +n
| . Lan(o?,7) — L} (0%,7) (1) (A.128)
an u T 3 —¢ . .
P Li(Cr ™) — Ly(0% ) 0| F

2
(02 7’7)61-[%0 ) (qn ?OvKAn)
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We consider the case in which n/2,(%) < K. The case in which nt/2, (M) —s 5o follows from the same

reasoning. Straightforwardly, it holds that in restriction to €2,
X*(0%,7, An)

< Kn.
(O Ayl ="

sup L3(Cr,A™) = Li(0,7) - — log
(o2 ,'y)EH,(Icr2 ) (qn,anAn,00)

Because x%(02,7,Ay) > apA, and x2(Cr, v, A,) € (K~'A,, KA,), it holds that in restriction
to Q, 1
in LA ™) - Lot )] = .
(0'27'7)61_[510 7"/)(‘J’MOCnAnaOO) nr

Hence, in view of the triangle inequality and the definitions of L4, and L%, plus using (A.107), to
obtain (A.127) it is enough to show that

sup Y10, (0%, 7)Y, = Op(n) (A.129)
(02’7)61_[5;72””(Qn7anAn,OO)

lor (™ f(\Cry™ A,)
n <K.
2 J_p f(A 0%, An) A=

and sup
(02N (gn,anAn,00)

The second bound is obviously true and we now show the first bound (A.129). Lemma A2 states
that we can write -
YIQ(0%7) Yo = YT pn(0”,7, An)Fp Y, (A.130)
h=0

where pp,(02,7, A,,) satisfies (A. 4) uniformly over (o2, ) € H(U ’7)(qn, anAy,,00). On the other hand,

The combination of (A.130), (A.4), (A.131), and (A.107), plus Holder’s inequality, readily yields
(A.129) and hence (A.127) is proved. We now prove (A.128). Since L*(Cp,y™) — LX(0?,7) is

always nonnegative, in view of the definitions of L4, and L}, (A.128) directly comes from

fO:Cr, ™ AY)
f(X; 02,7, Ay)

sup ‘YTQ (0%,7) " Ya —/
(02 ) e (gn,0,KAr)

d\| = op(n). (A.132)

The uniform convergence (A.132) comes from establishing pointwise convergence and stochas-
tic equicontinuity, following the same reasoning as for Theorem 2.1 and Corollary 2.2 in Newey

(1991). Applying steps 1 and 7 of the proof of Lemma A2, we have, for all deterministic
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{(02,7y,) € H%"Z’”)(qn, 0, KA,) :n > 1} and under n'/2,(") < K,

T f(N Cry ™, A)
)‘a UannaAn)

YT (02, 7)Y — — d\ = op(n).

On the other hand, using (A.131) and (A.7), plus Assumption 2, we can repeat the reasoning for
deriving (A.129) to conclude that for all 0 < j < ¢, and with €/, introduced above (A.107),

]E(]]_Q;L sup %Y Q ( )_IYn) < Kn, E<]]-Q;l sup An%YnTQn(OJaV)_lYn ) < Kn,
2 do 2 8’7
(e2,7) (02,7) J
f )\ CT? 7 n) f )\ CT7 7 n)
Ty | < K, T A dA)<K,
Sup n 8 2 )\7 0n77na Ay) B (Sup o a )‘7 Un?%“ N

from which the stochastic equicontinuity follows. Here the range over which the supremums are
taken is (02,7) € H%UQW) (qn,0, KA,) and the additional factor A,, compared with Assumption 3A
in Newey (1991) arises because of Assumption 4 and the definition of H%JZ’V)(qn, 0, KA,).

Step 2. (Conclusion) In view of (A.127) and (A.128), plus using the subsequence argument, we

obtain N _ 2
Lan(o®,7y) — Ly (0%,7)
Lx(Cr,y™) — Lk (0%,7) +n

sup = op(n). (A.133)

(02 e (gn)

Further, we have, following the reasoning in the proof of Lemma A7 and using Lemma A2, that

Ln(027 7) - LA,n(027 ’Y)
Ly (Cr, ™) = Li(02,7) +n

sup = op(1). (A.134)

02
(02,7 (qn)

Note that the bound we require here is less sharp and that only ¥ and €2, themselves are involved,

as we do not take derivatives here. The lemma is a direct result of (A.133) and (A.134). &

Lemma A10. Suppose Assumptions 1 - J hold. For all sequences {qn} and {q,}, it holds that with

probability approaching one,

1 1
L ™2 ™ (g )y — LT (0™ ()2 A () ~ A ([R2, . — 72
o (07 (@n)”, 7 an) = - L0t an) ™ ™ () ~ (15 gy = 1R, )):

Proof. We define C;j = n=1 [T |1 — e~ cosiA cos jAdA. It holds that

1+2

T (U e,

(1 —2)2C; ; = Vi — | + @i+l + 5] +

We introduce m-dimensional matrices Cy,, J?, and K! with entries given by C;;, (J);; =

]l{|Z _j|=h}, and (K h)ij = Lgiyj=—ny + Liomyo—i—j—n}. We further define Cm = (1 —42)2C,,,
Com = Yo Imtn(h+ (L+43) (1 —¥7) "), and G = 332 KR gn(h+ (1 +47)(1 = ¥7) 7). From
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Lemma Al, it follows that

o0

(Om(Con = Cn)0)ig =655 > YIM(h[+ (1 + 7)1 — ¥2) ™) cos

h=—o

hjm
m+1

By direct calculations, we obtain 5’m > C,, for m sufficiently large. On the other hand, it holds that

for all m-dimensional vector 3,

F1Cns = (=02 3 |3k + 1kl (A.135)
j=—o00 k=0

1 = (=02 3 | S0+ Vb1 + 0in0)| (A.136)
j=—0o0 k=0

Here we take 3; = 0 for all j < 0. Because (A.135) and (A.136) hold for arbitrary m, and comparing
Cyn—Chn, with C,y,, we prove the lemma by using the fact that f(X; 0 (gn)2,7™ (qn), An) ~ ((.()2+
n~1)|1 — 1p,et*|? with probability approaching one. §

Appendix B Proof of Main Results
B.1 Proof of Theorem 1

Proof. The assumptions of Theorem 1 lead to the fact that L% (Cr,v™) — L% (6™ ()2, 7™ (q)) = 0
for all ¢ > ¢*. Then, in view of the proof of Lemma B4 in the online appendix of Da and Xiu (2021),

we have
logn

2
As an immediate result, we obtain that for n sufficiently large, ¢, < ¢*. On the other hand, we have
(logn) =t (L (Cr,y™) — Lk (0™ (g)%,7™(g))) — oo for all ¢ < ¢* — 1, according to the assumption
that \/ﬁ(logn)_1|0((1?)| — 00. Then (B.1) indicates that for n sufficiently large, ¢, > ¢* and we

Ly (Cr,y") = Li(0"(@2)%, 7™ (@) <

(¢" = Gn) + O(qn + logn). (B.1)

conclude the proof. §

B.2 Proofs of Theorem 2, Corollary 1, and Proposition 1

Lemma B1. Suppose the same assumptions as those in Theorem 2 hold. Then it holds that
Ruld) =op(1) and R™(q") = op(1).

Proof. We start by proving the convergence of ﬁn(q;:) From Lemma A9 it directly follows that
Ly (Cr, /™) = L3(T7 (@), A (@) = op(n). (B-2)

Since both (02,7,) and (Cr,v™) belong to Hﬁf’z’”), according to Theorem 4.1.1, Proposition 4.5.3,
Proposition 3.2.1, and Theorem 3.1.2 in Brockwell and Davis (1991), there exist unique (x2, ¢,,) and
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((x™)2,¢(™) such that for all —r < X <,

FOST2(@0)s An(@n), An) = X29(Ns dn)  and  f(X; O, 7™, Ay) = (x™)2g(N; ™), (B.3)
J J
1+ zetcu|lf|<1 Z ¢njz’ >0 and 1+ Z€é1|1f|<1 Z (Z) 27 > 0. (B.4)

In view of (B.3) and the definition of L%, the bound (B.2) can be rewritten in terms of (x2, ¢,) and
((x™)2, ¢(™)), which leads to

2 ™ n
Xn 1 f(A7CT7’y( )7An)
1 = 1 — —-1= 1). B.
S TR M o vy K W I (B2)
Here we use (A.107) and the fact that (2r)~" [ _g(X #™)/g(X; ¢p)dX > 1, indicated by (B.4). With

(™ calculated using Assumption 4, the ﬁrst part of (B.S) indicates that log x2 = log(:(™)? 4 op(1).
Substituting the estimate of x2 back into (A.22), plus using the second part of (B.5), plus (A.107),
immediately allows us to prove the convergence of ﬁn(qg) On the other hand, the convergence of

R™(¢*) = op(1) follows directly from Lemma A5. We conclude the proof. §

Proofs of Theorem 2 and Corollary 1. Step 1. (Technical preparation) In this proof the dependence
of 8™ on ¢ is suppressed and here we take ¢ = ¢*. We set £,(6%,7) = (02,7). We start by
introducing (¢* + 2) x (¢* 4 2) matrices 9Z,(8,, B, k) with k € {1,2} and By, 8, € I (q*), defined,
for 0 <4,5 <qg"+1, by

_ 1 0log Q,(8y) 0log (51,
8571(,377,,6;1;1)1'4' = 2ntr< 8ﬁ( ) 8,8( ) ) (B.G)
i j
_ 1 0log Q,(8y) 0log (51, _ _
=B 20y = qotn (PP EEL ) @, (51 0w ) . B)
i j
We further denote 0=, (Bn;j) = 0Z,(Bn,0ln;7). In addition, we use 8En(5(n),q*;j) and

0=* (B ("), q*), respectively, to denote the (¢* + 2) x (¢* + 2) matrices with entries defined by (B.6)
and (B.7) and with entries defined by (A.2). On the other hand, we let {3, € Hg(q*) :n>1} bea
sequence of (¢* + 2)-dimensional random vectors that satisfies the equation Z,,(8,,) = Og+42, and the
condition whereby sup, |f(\; 5, An)f(A;B(n), Ap)~t — 1] = op(1) holds. In view of the definition
of 0Z,,(Bn, BL,; 7) introduced in (B.6) and (B.7), plus applying the rules of matrix differentiation, in
particular that Q,(8) and Q,,(8") commute for all (3, 3’), we observe that

B, — B™ = (202, (B,, B™;2) — 0Z,(B,, 85 1)) " (Ean(Bn) — Ean(B™)). (B.8)

On the other hand, using ]D?jn = OmenOm and the connection between matrix V,,, and spectral
density f(\;5,4,) and the positivity of both following the reasoning of step 1 of the proof of
Lemma A2, plus the fact that df(X; 3,A,)/95 does not depend on 3, we have, for all a;, — 0 and
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j € {1,2}, and under that sup, |f()\; bn,An)f()\;B(n), Ap) =1 =0 for b, € {Bn,ﬁ(”)},

_ = (3" = (2N _x. .
{(1 an)0Zn (8™, 41 §) < 0Zn (B, 5 ;>s<1+an>a_n</§q,q,;> B9)

(1 — an)dZ5(B™, ¢*) < 02, (B™, ¢*;1) < (1 + )= (8™, ¢%)

Furthermore, using Lemma A2, we can derive E‘]l% (tr(Qn(B(n))’lYnYnT — Hn))2‘ < Kn, which,
combined with (A.22) and (A.107), leads to the fact that for some a,, — 0,

Tim P((1 - an)0Z,(8", ¢ 1) < 02.(B", ¢2) < (1 + an)0Z, (8™, ¢ 1) = 1. (B.10)
Step 2. (Main proof) We define Y,°(j) = (Y,Y(j)1,---,Y,%(j)n,)T and introduce, for all 1 < i <
¢ +2and j>1,

1 0

Vn(])z = _%8751

(g (B UEGHUCGT), Pali)i = - 2

v (n)\—10U,C ¢ ;
S (€20, (8 ).

(B.11)
Using Lemmas A3 and A4, we obtain that Zp ,(3™); = op(n~'/2), and that for all 2 < i < ¢* 4 2,

Ja

Epn(B™)i = Zn(B™)i =Y (Vali)i = Val(4)i) = op(n™'/?) and

j=1

[1h

2(B)); = op(n=1/2).

Here we use the well-known result (see Section 2.1.5 of Jacod and Protter (2011)) that under As-
sumption Al and for two finite stopping times S < S’ and some p > 0, and for a process A that is
one of y, 0, £, €71, and 7,

E( sup (|| As — As|P)|Fs) < E((S" — )"/ F). (B.12)
S<s<S!

We let F5(j) = o(ec(k); : i < ng,k < j — 1) be the o-field generated by the sequence of all ec (k)
with £ < j—1, and FX(j) = o(x; : ¢ < (j — 1)ng) be the o-field generated by the sequence of all x;
with i < (j — 1)ng, and denote F(j) = Foo @ F(j) ® V59 FX(k). From direct calculations we have
that for all 2 < i < ¢* + 2,

Ja
n'2 N EWa(i)i = Va@)ilF(G) = 0p (1), n* Y E((Vali)i = Val))'|F () = op(1).  (B.13)
j=1
And for all 2 < 4,7 < ¢* + 2, it holds that

Ja
n3/2n:}1 ZE((Vn(j)z = Vn (1)) Vn(d)ir — Vu(5))|F(5))
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T [T nie; ds
(fy m2etds)?

Here we use Lemmas A3 and A4, Assumption Al, and the fact that ec(j) is independent of F(j’)

cumy(e)
4

= (EW(V*) +

; W TW () top(l).  (B.L4)

for all 7/ < j. Because of the definition of stable convergence and the fact that Foo C F(j), in view
of (B.13) and (B.14), we readily obtain

_ —_ L—Feo
n*/ 20t (0ge 41 2 I y1)Ep.n (B™) =50 U, (B.15)
where the stable convergence in law is with respect to F. Here U is a (¢* + 1)-dimensional random
vector defined on an extension (Q, F, (F;)i>0,P) of ((g), Foo: (Ft)1=0,P(0)) and which, conditionally

on Fo, is centered Gaussian and satisfies

T [, nie;lds
(i n2estds)?

EUUT| F) = (%W(’Y*) + Cunr(g) W(V*)’Y*’Y*TW(’Y*))

On the other hand, straightforward algebra leads to

n tnroEa (B, ¢TE = 20%CA Y2+ 0(1),

_ = (n _ 202 ! _
im0 )ik =~ 22— E) W)+ O(AY?),
r=1
n"ng02, (8" )l e = 2W() +O(AL?).

Hence, (B.9) and (B.10) jointly indicate that for all 2 < j < ¢* + 2,
B = B = (011,045 42 T0Z (B, ") Epa(B") +0p(n V). (B16)

Here we also use Lemmas A7 and A8, (A.109), and the relation (B.8). At this stage, in view of the
fact that by definition (52 (gn), 7, (¢,)) maximizes L, (2, ) over H&“’”Q)(qn) and the definition of f3,,,
plus Lemma B1, the combination of (B.15) and (B.16) proves the theorem. Applying continuous

mapping theorem, we obtain the corollary. I

Proof of Proposition 1. In view of Assumption Al and (B.12), a Riemann sum argument leads to

L (i ) (1 € 1ds)

LS e S arup = oS 15U & <2kn+cum () (3 - 712

4 z%:k jz—;cn 7 (foTngfs_ldS)Q ( ()08 =
# [T  cosnn ) + on),

—Tr

1 nr—2kn 2kn, T ?;Id T ;1d
B SRITIUED DRI ”(anjg(l{;s)i ka5 =412 + on 1),
i=1 j=kn+1 o MsSs
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On the other hand, from Theorem 3.3.1 of Jacod and Protter (2011) it follows that Y7 (AT X)* =
Op(1). Given the consistency of 7, and Assumption 4, applying Cauchy-Schwarz and Jensen’s

inequalities proves the proposition. I

B.3 Proof of Theorem 3

Proof. In view of the proof of Lemma B4 in the online supplemental appendix of Da and Xiu (2021),
we have that under either n'/2.(") — 00 or n!/2,(") < K, and for all a,, — 0o and all fixed 0 < k < K,

L (o™ (gn (k)% 7" (g (k) = Ly (0™ (@), 7™ (@0)°)

= 105” (a5 (k) — @n) + op (qp (k) + an) + Op (g (k) — Gul)- (B.17)

The definition of ¢} (k), combined with Lemma A10 and (B.17), indicates that there exists a fixed
k such that ¢} (k) — g, < 1 with probability approaching one. Further, in view of Lemma A10 and
using the bound on ny} P ax (k) K] |2, we obtain that ni: > a1 K] |2 = Op((gn + 1)logn) and
that g, < Op(gs(k) +1). Hence, it follows from Lemmas A5 and A6 that for all 0 < j < @,

3@); — " F = Op (01" G + Dlogn + 01124 + 1)@ + 1) logn).

Here we also use the proof of Lemma B3 of Da and Xiu (2021). The bound on |[3™(g,) — v™||

directly follows. Continuous mapping theorem leads to the bound on [p™ (g,) — p™||. &

B.4 Proof of Theorem 4

Proof. We observe that for all (02,v) € H,({#’V) (q),

1, = 0108%n(0%) 5 zq: Olog En(02,’y),y.

G-
80’2 =0 8’)/]‘

Thus, the theorem directly follows from the fact that for all finte g,

0log £, (3%(0).3(@) _ _, (9% (%(0).7(a))
w (PG ) = (Pt v

which are the first-order conditions. i

>, 1<i<qg+2,

B.5 Proof of Theorem 5

Proof. Step 1. (Technical preparation) We define (q + 2) x (¢ + 2) matrix W,(¢?,7) and nr x nr
matrices R(k), with 1 <k < ¢+ 2, as

S S O ”(310gf(>\;02,%An)>Talogf(/\;cr?,%An)d/\

Wnlem) = o 9% ) 9% )
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% (0?,7)7? % (0?,7)7"
kY = op1———————+1 — 7
R(k) k,1 952 + Lik>oy 972

Throughout the proof we omit the argument of W, (c?,7) and Wn(UQ,’y). We can calculate, using
Lemmas Al, A3, and A4,

B B 2 q+1
(W) = 40%CATY2 1 O(1),  (Wil)ipsr = —@ Z - N0, (BS)
(W ks = W) 55 + OAY?), (e W )ik — (W )ik = O(An + 610,). (B.19)

On the other hand, also using n'/2t* < i < n — n!/2*t® we have, for r > 0,

R(1)ii = —(4¢a®AYH L+ 0(1), R(k)ii = —(2 — 8r2)(40CC ALY "L L O(1), (B.20)

1 11—z - 2—0po (1—2], ,
R(k)iivr — R(K)ii = (5@@ <1 e rzn) + Li>o) 1 <1 —. + rzn> +0(1), (B.21)

where z,, is defined in Lemma A3. If we further restrict 0 < r < K, then it holds that

AL/QTZ
R(l)i,i+r_R(1)i,i = 80{3 +O(An)a (B'22)
r—1
1 0
R(E)iitr = R(K)ii = == ) (2= 050)(r = 5) fawf 1 ) AN+ O(AY?). (B.23)
s=0 -

Step 2 (Main proof) Using (2m)~' [T (8f71(A\;7)/0vk—1)edX = (1 = 850/2)W (V),s41, We
derive from (B.23) and the second part of (B.18) that for 0 <r < K,

q+2 ~ o2r2
Z( 71—1)17k(7?,(k)iyi+7« - R(k‘)m) = — 2<2 + O(A}I/Q)
k=2

Combined with (B.22) and the first part of (B.18), we prove claim (i). Using (B.20) and the second
part of (B.19), we have, for 2<[1<¢g+2and 0 <r < K,

q+2
S (Wt = e W, DR () iiser = O(AY?). (B.24)
k=2

In view of Lemmas Al and A3, it holds by definition that

.. _ 1 " 9 9 —1/y. 2 1/2
R(k)z,z-i-r = % /ﬂ— <5k’1&‘_2 + 1{]4722} 8’)%_2) f ()\, g, 7, An) cosTAdA + O(An )

Hence, by observing that cosrA = A 10f(\; 02,7, Ay)/00? — % S o (r—K)Of(N; 02, v, Ay) /Oy, for
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0<r<g+1,wehave, for2<!<g+2and 0 <r <K,

w2 r+2-—1
S (W sR(E)iier = Lgery———— + O(A)?). (B.25)
s

Combining (B.24) and (B.25) proves claim (ii). Claim (iii) comes directly from the expressions of
(W, 1),k provided by (B.18) and (B.19) and the expression of R(k); i+r — R(k);,; provided by (B.22).

For the first part of claim (iii) we additionally use (B.20) to obtain W(o?,v;1);,;, whereas for its

second part we use claim (ii). i
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